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string is extended to the d=ll superparticle and supermembrane. In this formalism, kappa 
symmetry is replaced by a BRST-like invariance using the nilpotent operator Q = § X^da 
where d^ is the worldvolume variable corresponding to the d=ll spacetime supersymmet- 
ric derivative and A" is an SO(10,1) pure spinor variable satisfying AF'^A = for c = 1 to 
11. 

Super-Poincare covariant unintegrated and integrated supermembrane vertex opera- 
tors are explicitly constructed which are in the cohomology of Q. After double- dimensional 
reduction of the eleventh dimension, these vertex operators are related to Type IIA su- 
perstring vertex operators where Q = Ql + Qr is the sum of the left and right- moving 
Type IIA BRST operators and the eleventh component of the pure spinor constraint, 
AF^^A = 0, replaces the — constraint of the closed superstring. A conjecture is made 
for the computation of M-theory scattering amplitudes using these supermembrane vertex 
operators. 
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1. Introduction 



There is substantial evidence that d=10 superstring theory contains nonperturbative 
symmetries coming from an underlying d=ll theory which has been named M-theory 
1^ P . It is believed that M-theory properties are related to the supermembrane 
0, however, problems with covariantly quantizing the supermembrane have made it diffi- 
cult to study these properties. Although there exist light-cone methods such as M(atrix) 
theory for studying the supermembrane, the lack of spacetime gauge and Lorentz sym- 
metries makes these light-cone methods clumsy and limits their use to special backgrounds. 
Nevertheless, certain properties of M-theory have been successfully studied using light-cone 
supermembrane vertex operators 0, and it should now be possible to covariantize these 
light-cone methods using the results of this paper. 

There are two essential problems with covariant quantization of the supermembrane 
which, naively, appear to be unrelated. The first problem, which is also present in the 
bosonic membrane, is the complicated non-quadratic nature of the supermembrane Hamil- 
tonian and the resulting difficulties in constructing the physical spectrum. The second 



problem, which is also present in the Green-Schwarz (GS) superstring [|T0[, is the kappa 



symmetry [|11| of the supermembrane action which implies fermionic second-class con- 
straints that are difficult to covariantly separate out from the first-class constraints. 



Recently, a new formalism |jT^ was developed for quantizing the superstring which 
preserves manifest S0(9,l) super-Poincare covariance but does not suffer from the problems 
of the GS formalism. This formalism uses a new version of the superstring action which 
includes bosonic pure spinor ghost variables satisfying A7'^A = for m = 1 to 10.li In 
this pure spinor formalism for the superstring, kappa symmetry is replaced by a BRST-like 
invariance using the nilpotent operator Q = § \^d^ where is the worldsheet variable 
for the d=10 spacetime supersymmetric derivative. Physical vertex operators are defined 
as states in the cohomology of Q and, since the worldsheet action is quadratic, manifestly 
super-Poincare covariant scattering amplitudes can be computed using the free-field 
OPE's of the worldsheet variables. 

Since the standard supermembrane action 0] reduces to the GS version of the Type 
IIA superstring action |Ty] after double-dimensional reduction of the eleventh dimension 



^ To simplify d=ll language, the time coordinate will be called x^^ instead of The indices 
m, ... and ^, p, ... will label d=10 vectors and spinors, and the indices a, b, c, ... and a, f3, 7, ... 
will label d=ll vectors and spinors. 
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1^, it is natural to look for an alternative version of the supermembrane action which 
reduces instead to the pure spinor version of the Type IIA superstring action. Such a 
generalization is reasonable given the results of [|15| where d=10 twistor-like methods for 
the superstring were generalized to d=ll twistor-like methods for the supermembrane. 
Furthermore, it was shown by Howe that just as the super- Yang-Mills equations of motion 
can be understood as d=10 pure spinor integrability conditions [0, the d=ll supergravity 
equations of motion can be understood as d=ll pure spinor integrability conditions fl^ 



As will be shown in this paper, it is indeed possible to construct a supermembrane 
action which reduces after double-dimensional reduction to the pure spinor version of the 
Type IIA superstring action. In this pure spinor version of the supermembrane action, 
kappa symmetry is replaced by a BRST-like invariance using the nilpotent operator Q = 
§ X^dct where da is now the world volume variable for the d=ll spacetime supersymmetric 
derivative and A" is an SO(10,1) pure spinor ghost variable satisfying AF'^A = for c = 1 
to 11. i After double-dimensional reduction of the eleventh dimension, da splits into the 
left and right-moving Type IIA worldsheet variables c/l^ and dij/i. A" splits into the left 
and right- moving Type IIA pure spinor variables A^ and A^^, and Q reduces to the sum 
of the left and right-moving Type IIA BRST operators, Q = Ql + Qr where Ql = 
§ X^d^^ and Qr = § X^d^jx. Furthermore, the eleventh component of the pure spinor 
constraint, AF^^A = 0, replaces the iP^ — constraint^ which is necessary for defining 
BRST cohomology in closed string theory |]1^ . 

Since kappa symmetry is replaced by a BRST-like invariance, this formalism does not 
suffer from quantization problems associated with second-class constraints. Furthermore, 
since physical states will be defined as states in the cohomology of Q, the complicated 
nature of the supermembrane Hamiltonian does not directly enter into the computation 
of the physical spectrum. Note that it was proven for the superstring that states in the 



cohomology of Q are annihilated by the Hamiltonian |1S], and one expects that this will 
also be true for the supermembrane. It might seem surprising that quantization of the 
supermembrane is simpler than quantization of the bosonic membrane, but this situation 



^ The definition of d=ll pure spinors used here differs from that of Howe in [17| where d=ll 
pure spinors were required to satisfy both AF'^A = and AF'^'^A = 0. Howe's definition of a d=ll 
pure spinor is more restrictive than the definition used here and does not appear to be appropriate 
for superparticle and supermembrane quantization. 

^ I thank Barton Zwiebach for stressing the importance of the 6° — 65j constraint. 
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often occurs in supersymmetric systems where second-order differential equations can be 
replaced by first-order differential equations. 

Before discussing the supermembrane, it will be useful to first covariantly quantize 
the d=ll superparticle which describes the zero modes of the supermembrane. To make 
this paper self-contained, covariant quantization of the N=l and N=2 d=10 superparticles 
and Type II superstring will also be reviewed here. 



As reviewed in section 2, covariant quantization [|T^ of the N=l d=10 superparticle 
allows a BRST description of super-Maxwell theory where the nilpotent ERST operator is 
Q = \^d^, dfj, is the N=l d=10 supersymmetric derivative, and is a d=10 pure spinor 
ghost variable satisfying A7"*A = for m = 1 to 10. Using a suitably defined norm ( ) of 
ghost number three, the super-Maxwell action can be constructed as J d^^x{'ifQ'if) where 
\E'(A,a;,6') is a quantum-mechanical wavefunction depending on the d=10 pure spinor and 
superspace variables. At ghost number one, \E' = X'^A^{x,9) where A^(a;,6') describes the 
super-Maxwell fields, and at other ghost numbers, \1/ describes the super-Maxwell ghosts, 
antifields and antighosts. 

Furthermore, by coupling the pure spinor version of the N=l d=10 superparticle 
action to a super-Maxwell background, one obtains the integrated version of the open su- 
perstring massless vertex operator. By evaluating correlation functions of these integrated 
vertex operators with the unintegrated massless vertex operators \E' = A^A^, one can com- 
pute N=l d=10 supersymmetric Born-Infeld amplitudes in a manifestly super-Poincare 
covariant manner. The normalization for the worldsheet zero modes in these correlation 
functions is defined by the ghost number three norm used in the super-Maxwell action. 

In section 3, the N=2 d=10 superparticle is covariantly quantized using the BRST 
operators Ql = ^L^L^J, and Qr = X^d^ji where dL^ and d^jx are the N=2 d=10 super- 
symmetric derivatives and A^^ and A^ are independent pure spinors satisfying Xl'J^^l = 
Xr'J^Xr = 0. At non-zero momentum, the physical spectrum corresponds to linearized 
Type II supergravity, however, at zero momentum, there are Type II supergravity states 
that are missing from the N=2 d=10 superparticle spectrum. This fact is related to the 
absence of a ~ b% constraint, which is known from closed string field theory to be 
necessary for obtaining the correct physical spectrum at zero momentum. The absence of 
the b'l — constraint in the N=2 d=10 superparticle also prevents the construction of 
a J (i^'^x(\E'(5\E') action for linearized Type II supergravity, which is not surprising for the 
Type IIB superparticle because of the self-dual five-form field strength in the spectrum. 
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In section 4, a pure spinor version of the d=ll superparticle action is constructed. 
In this action, kappa symmetry is replaced by a BRST-hke invariance generated by the 
nilpotent operator Q = X^dct where da is the d=ll supersymmetric derivative and A" 
is a d=ll pure spinor satisfying AF'^A = for c = 1 to 11. Using the results of the 
appendix where the zero momentum cohomology of Q is explicitly computed, it is argued 
that the complete cohomology of Q describes linearized d=ll supergravity i. As in the 
super-Maxwell action constructed using the N=l d=10 superparticle, the linearized d=ll 
supergravity action can be constructed as / (i^^x(\l/(5\l/) where \l/(A,a;,6') is a quantum- 
mechanical wavefunction depending on the d=ll pure spinor and superspace variables, and 
( ) is a suitably defined norm of ghost number seven. At ghost number three, \E'(A, x, ^) = 
X°'X^X'^Ao,i3'y{x,6) where Aq,^^(x,6') describes the linearized d=ll supergravity fields, and 
at other ghost numbers, \1/ describes the linearized d=ll supergravity ghosts, antifields and 
antighosts. The fact that d=ll supergravity fields carry ghost number three is explained 
by their coupling to the three-dimensional worldvolume of the supermembrane, while the 
ghost number one super-Maxwell fields and ghost number two Type II supergravity fields 
couple respectively to the one-dimensional superparticle worldline and two-dimensional 
superstring worldsheet. 

When Pii = 0, the d=ll superparticle BRST operator reduces to Q = Ql + Qr 
where Ql and Qji are the N=2 d=10 superparticle BRST operators, and the physical 
spectrum is linearized Type IIA supergravity without the zero momentum problems that 
were encountered using the N=2 d=10 superparticle. This is possible since the 6° — 
constraint is imposed in the d=ll superparticle by the eleventh component of the pure 
spinor constraint, AF^^A = 0, which is not present in the N=2 d=10 superparticle. 

In section 5, covariant quantization of the N=2 d=10 superparticle is generalized to 
the Type II superstring by extending the pure spinor and N=2 d=10 superspace variables 
to worldsheet fields. After reviewing the pure spinor version of the closed superstring 
action in a fiat background, a BRST-invariant action is constructed in a curved Type II 
supergravity background where the left and right-moving BRST operators, Ql = § A^c^l^ 
and = § X^dfiji, are conserved and nilpotent when the curved background is on-shell 
121 



The cohomology of Q was independently computed in [20|, which appeared a few months 
before this preprint was written. I would like to thank Paul Howe for bringing reference [20| to 
my attention. 
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The integrated form of the cfosed superstring massless vertex operator is the hnearized 
contribution of the curved background to the superstring action, and the unintegrated form 
of the massless vertex operator is the N=2 superparticle wavefunction '^{Xl^Xu, x, Ol, Or). 
Using the left- right product of the zero mode normalization of the N=l d=10 superparticle, 
one can compute Type II superstring massless tree amplitudes in a manifestly super- 
Poincare covariant manner by evaluating the correlation function of these integrated and 
unintegrated massless vertex operators on a string worldsheet. In a flat background, the 
pure spinor version of the superstring action is quadratic, so these correlation functions 
can easily be evaluated using the free field OPE's of the worldsheet variables. 

Finally, in section 6, a pure spinor version of the d=ll supermembrane action is 
constructed where kappa symmetry is replaced by a BRST-like invariance generated by Q = 
f X^doi and A'* and da are now worldvolume variables. This supermembrane action reduces 
to the pure spinor version of the d=ll superparticle action when the membrane tension 
becomes infinite, and reduces to the pure spinor version of the Type IIA superstring action 
when the eleventh dimension is compactified on an infinitesimally small circle keeping the 
string tension constant. The supermembrane action is then generalized to a curved d=ll 
supergravity background where the BRST operator Q = ^ X'^da is nilpotent and conserved 
when the background is on-shell. 

As in the superstring, the integrated form of the massless supermembrane vertex 
operator is the linearized contribution of the curved background to the action, and the 
unintegrated form of the massless supermembrane vertex operator is the d=ll superpar- 
ticle wavefunction ^{X,x,$). Using the same zero mode normalization as in the d=ll 
superparticle, one can formally define supermembrane scattering amplitudes as correlation 
function of these integrated and unintegrated vertex operators on a membrane worldvol- 
ume. Although the supermembrane action is not quadratic in a flat background, it might 
be possible to compute these correlation functions using a perturbative expansion in the 
inverse of the membrane tension. Note that unlike superstring scattering amplitudes, one 
does not expect a genus expansion for supermembrane scattering amplitudes since there is 
no coupling of worldvolume curvature to a spacetime field in the supermembrane action. 

In section 7, a conjecture is made that these supermembrane scattering amplitudes are 
M-theory scattering amplitudes which, after compactification of the eleventh dimension 
on a circle whose radius depends on the string coupling constant, reproduce Type IIA 
superstring scattering amplitudes. Since the perturbative expansion in the membrane 
tension preserves manifest d=ll super-Poincare covariance, these scattering amplitudes 
would contain non-perturbative information about the Type IIA superstring which might 
be useful for studying M-theory. 
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2. Covariant Quantization of the N=l d=10 Superparticle 

Since the d=ll superparticle has a simpler action than the d=ll supermembrane, 
it will be useful to explain how to covariantly quantize the d=ll superparticle before 
discussing the supermembrane. The quantization method is similar to the method used in 

for quantizing the N=l d=10 superparticle, which will be reviewed first. 



2.1. Standard description of the N=l d=10 superparticle 



The standard action for the N=l d=10 superparticle is [|2^ 

S = j dr{P^W^ + eP-P^) (2.1) 

where 

= X"^ + l^/i^m ^2.2) 

m = 1 to 10 is the S0(9,l) vector index with x^^ as the time coordinate, /U = 1 to 16 is 
the S0(9,l) Majorana-Weyl spinor index, is the canonical momentum for x"^, and e is 
the Lagrange multiplier which enforces the mass-shell condition. The gamma matrices 7^ 
and 7"^'^'^ are 16 x 16 symmetric matrices which satisfy 7^'^7'^^ ^'^ = 2rj^'^d^. Upper spinor 
indices will denote Weyl d=10 spinors whereas lower spinor indices will denote anti-Weyl 
d=10 spinors. In terms of the standard 32 x 32 d=10 F-matrices satisfying {r"^,r'^} = 
277"^", 7^^ and 7"^'^'^ are the off-diagonal blocks of F"^ in the Weyl representation. Note 
that any d=10 antisymmetric bispinor /I'^'^] can be written in terms of a three- form as 
fli^^] = (7^„p)^'^/"^"'P, and any d=10 symmetric bispinor g^^'^^ can be decomposed into 
a one-form and five-form as g^^^'^^ = 'j^g'^ + {"^mnpqr)^'^ 9^^^'^^ ■ Furthermore, the d=10 
gamma matrices satisfy the identity ^mn7(^,^7p)o- = 0. 



The action of ( |2.1J ) is invariant under the global N=l d=10 spacetime-super symmetry 
transformations 

5e^' = e^, Sx"^ = ^6'7"^e, 5Pm = 5e = 0, (2.3) 



and under the local kappa transformations |11 



5r = P""(7^k)^, Sx"^ = -le-f'^Se, SP^ = 0, Se = irK,. (2.4) 
The canonical momentum to ^ which will be called p^, satisfies 

p^ = dL/de^ = lp-(7^^)^, 
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so canonical quantization requires that physical states are annihilated by the sixteen 
fermionic Dirac constraints defined by 

d^=p^-'-p^{^^e)^. (2.5) 

Since {p^, 9'^} = —iS^, these constraints satisfy the Poisson brackets 

{d^,d.} = -P^7r.' (2-6) 

and since P^P^ = is also a constraint, eight of the sixteen Dirac constraints are first- 
class and eight are second-class. One can easily check that the eight first-class Dirac 
constraints generate the kappa transformations of ( p.4|) , however, there is no simple way 
to covariantly separate out the second-class constraints. 



Although one cannot covariantly quantize the action of (|2.1|) , one can classically couple 



the superparticle to a super-Maxwell background using the action 

S = j rfr[P,„n- + eP^P^ + q{e^A^{x, 9) + U^A^x, 0))] (2.7) 

where and A^ are the spinor and vector super-Maxwell gauge superfields and q is the 
charge of the superparticle. The action of ( p.7|) is invariant under spacetime supersymmetry 
and under the background gauge transformations SA^ = D^A and SAm = where 
= gfjr + ■^in^O) ^dm- And if the kappa transformations of ( |2.4| ) are modified to 



59^" = P""(7^k)^, = --6*7"" 5^, 5Pm = -qSe-f'^W, Se = i[r + ^ieqW^K^ 

^ (2.8) 
where = ^j"'^''' {D^A^ - dmA^) is the super-Maxwell spinor field strength superfield 
2^ , the action of ( |2.7| ) is invariant under ( p.8| ) when A^ and Am satisfy the super-Maxwell 



equations of motion D^A^, + DjjA^ = i'jJ^j^Am- 

2.2. Pure spinor description of the N=l d=10 superparticle 



Instead of using the standard superparticle action of (|2.1j), the pure spinor formalism 
for the N=l d=10 superparticle uses the quadratic action 



Spure = j dT{PraX^ + p^O^ + W^\^ - ^P"^ Pm) (2.9) 

where p^ is now an independent variable , is a pure spinor ghost variable satisfying 

A7"^A = for m = 1 to 10, (2.10) 
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and is the canonical momentum to which is defined up to the gauge transformation 

dw^ = (7"^A)^A^ (2.11) 

for arbitrary gauge parameters A^. One can easily show using a f/(5) decomposition of 
a Wick-rotated SO(IO) spinor that the constraint of (|2.10| ) and the gauge transformation 
of Wfj^ imply that and each contain eleven independent components.i The action of 
( ^.9| ) can be written in manifestly spacetime supersymmetric notation as 

Spure = j dr{Pmir^ + d^O^ + W ^'X^ - \p'^ Pm) (2.12) 

where 11"^ and d^ are defined as in ( p.2|) and ( |2.5|) . Note that is defined to be invariant 
under spacetime supersymmetry, so should be defined to transform as 5p^ = ^Pm{'l"^^)fj. 
under ( p.3|) . 

To obtain the correct physical spectrum, the action of ( f2.9p needs to be supplemented 
with the constraint that physical states are in the cohomology of the BRST-like operator 

Q = X^d^. (2.13) 

Note that = using (|2.1C1| ) and (|2.6|), and carries ghost-number +1 if A'^ and Wfj, are 
defined to carry ghost- number -fl and —1 respectively. Although it is not yet understood 
how to obtain Q from gauge-fixing a reparameterization invariant action, it is straightfor- 
ward to covariantly quantize the superparticle using this BRST operator and check that 
one obtains the correct spectrum. 

Unlike the usual particle action where the mass-shell condition comes from the repa- 
rameterization constraint P^P^ = 0, the mass-shell condition in the pure spinor formalism 
is implied indirectly by the Q = X^d^ constraint. Furthermore, the gauge invariances gen- 
erated by Q replace the kappa transformations of ( |2.4| ) which are not a symmetry of ( |2.9| ) . 
Although light-cone gauge fixing is more subtle in the pure spinor formalism than in the 
usual formalism, one can check that the correct counting of light-cone variables can be ob- 
tained by using the pure spinor ghost variables to cancel the non-physical matter variables. 
The 22 independent bosonic ghost variables of A^ and cancel 22 of the 32 fermionic vari- 
ables of and Pfj_, leaving ten fermionic variables. Two of these ten fermionic variables act 
as the missing (6, c) reparameterization ghosts and cancel the longtitudinal components of 
x"^ and Pm- The remaining eight fermionic variables are the physical light-cone fermionic 
variables. 

^ Although the eleven independent components of A'^ must be complex in order to satisfy 
(|2.10| ), their complex conjugates A'^ never appear in the pure spinor formalism and can therefore 
be ignored. 
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2. 3. BRST description of super-Maxwell theory 

Using the BRST quantization method, the cohomology of the BRST operator Q at 
a fixed ghost number should reproduce the physical fields in the spectrum. Furthermore, 
the structure of BRST transformations implies that if the ghost number of physical fields 
is defined to be G, the states at ghost number less than G describe spacetime ghosts, 
the states at ghost number G + 1 describe spacetime antifields, and the states at ghost 
number greater than G + 1 describe spacetime antighosts. This structure comes from the 
fact that the BRST transformation of a field is its gauge transformation using a ghost as 
the gauge parameter, the BRST transformation of an antifield is the equation of motion of 
the corresponding field, and the BRST transformation of an antighost is the gauge-fixing 
condition acting on the antifield. As will now be reviewed, the cohomology of the BRST 
operator Q = \^d^ for the N=l d=10 superparticle correctly reproduces these states for 
N=l d=10 super-Maxwell theory where the ghost number of physical fields is defined to 
beG' = 1. 

At ghost-number one, the states in the N=l d=10 superparticle Hilbert space are 
described by the wavefunction 

<^{\x,e) = \^A^{x,e) (2.14) 

where A^{x,6) is a spinor superfield. Since A'^A^ is proportional to {'jmnpqr)'^'^ ^7^^^'^^ 

g$ = X^'X•'D^A^ = (2.15) 

implies that 

{7mnp<irr''D^A, = (2.16) 

where -D^ = + \ {j'^0) ^idm is the N=l d=10 supersymmetric derivative and mnpqr is 
any five-form direction. And 

= QK = X^'D^K (2.17) 

implies the gauge transformation 

5A^{x,e) = D^K{x,e). (2.18) 

( p.l6|) and (|2.18| ) are the N=l d=10 super-Maxwell equations of motion and gauge invari- 
ances written in terms of the spinor gauge superfield A^{x, 9). To see this, one can expand 
A^{x,9) in components as 

A^{x, 9) = f^{x) + ^.(x)r + U.p{x)9^9P + .... (2.19) 
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Using the gauge invariance and equations of motion of ( |2.17|) and ( p.l6|) , one can set 



Uix) = 0, U^ix) = 7r.«-(^)' /m-p(^) = W7;4.7,Vx"(x), (2.20) 

and all higher components of Af^{x,9) to be proportional to am{x) and where 
am{x) and x^{x) are the photon and photino satisfying the equations of motion and gauge 
invariances 

a^5[^a„] = d^{'ymX)f. = 0, Sa^ = dmUJ. (2.21) 

So the cohomology of X^d^ at ghost number one reproduces the physical super- 
Maxwell fields. To check that the cohomology at other ghost numbers correctly reproduces 
the super-Maxwell ghosts, antifields, and antighosts, it is convenient to first compute the 
cohomology at zero momentum. As shown in the appendix of [0, the cohomology of 
Q = X^d^ at zero momentum is equivalent to the cohomology of 

Q = X^p^ + (A7-A)6(_i)^ + c^)(A7^)^^.^_,) + (A7^A)(6f_2)7r.<i)) (2-22) 

-2(6(_2)^>)(t;(l).r) + c;'2)(7mA)/^«r-2) + ih'^^)Vi2)mbi-3), 

where A'^ is an unconstrained spinor and [6(_„),C(„)] and are new fermionic 

and bosonic pairs of conjugate variables of ghost number [— n, n] which cancel the effect 
of removing the pure spinor constraint on A^.0 The term 6(_i)^(A7"^A) replaces the 
pure spinor constraint, and the other terms in Q are needed to eliminate the extra gauge 
invariances implied by this constraint. For example, since 6(_i)^(A7'^A) is invariant under 
= A7"^/, one needs to include the term c'^s^{X'ym)nu'^_iy And since this term 
is invariant under Su'^_^-^ = (A7mA)(7"^/)'^ — 2X^{X^ f^), one needs to include the term 

(A7mA)(6^_2)7r.^ri)) - 2(6(_2);.>)(t;(i)>). 

Since A'^ is unconstrained, it is easy to compute the zero- momentum cohomology of 
Q at arbitrary ghost number. One finds that the states in the cohomology are in one-to- 
one correspondence with the variables [1, c^^, f (i)^, c|^2)5 '^(2)m5 C(3)]. So there is a scalar 
spacetime ghost at ghost number zero, a vector and spinor field at ghost number one, 
a spinor and vector antifield at ghost number two, and a scalar spacetime antighost at 



This approach of adding new variables and removing the pure spinor constraint was recently 
used to quantize the superstring in [25|. However, at non-zero momentum, this approach leads to 
complications which makes it usefulness unclear. For example, one needs to include a term c^^Pm 



in ( 2.22 ) which naively puts a constraint on the momentum Pm- 
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ghost number three. This reproduces the desired BRST structure of super-Maxwell theory 
since the only gauge field is the photon which implies a single scalar ghost. Using the 
map between Q and Q, one finds that the corresponding states in the zero- momentum 
cohomology of Q with constrained are given by 

*(A, 9)=u + {Xj'^9)am + (A7"^^)(^7mX) + {Xj'^9){XrO){9-f^nX*) (2.23) 

+iXj^9)iXrO){9^mnp9)a*P + {X^'^9)iXrO)iXY9)i9^mnp9)u* 

where to is the spacetime ghost, and cire the fields, and a*^ are the antifields, 
and u* is the antighost. 

The cohomology of Q at non-zero momentum can be obtained by finding the con- 
straints on these component fields implied by Qvl/ = and = QA. One finds that w 
and uj* have trivial cohomology at non-zero momentum whereas a*^ and satisfy the 
equations of motion and gauge invariances 

dpa*P = 0, 6al,^d^d[^ar,]. = d'^ h^O f^- (2-24) 

As expected, the gauge invariances and equations of motion of the super-Maxwell antifields 
are related to the equations of motion and gauge invariances of the super-Maxwell fields 
of ([2:211) . 



Using the wave function \1/ and the BRST operator Q = X^d^^ one can construct the 
spacetime actioni 

S = j d^^x{^Q^) (2.25) 
where the norm ( ) is defined such that 

((A7"^^)(A7"^)(A7P^)(^7^„p0)) = 1. (2.26) 

Since {X'j'^9){X'y^9){X'yP9){9'jrnnp9) is the antighost state in (|2.23| ) which cannot be written 
as QA for any A, the action of ( |2.25| ) is gauge invariant under = QA. Furthermore, 
the equations of motion from varying \1/ in ( |2.25| ) imply that Q'if = for components in 
involving up to five ^'s. Although the manifestly supersymmetric equations of motion 
require that Q'if = for all components of (5\1/, one can check that any component of 



This action was first proposed to me by John Schwarz and Edward Witten |26] and generahzes 
to the super- Yang-Mills action S = J d^°xTr(^(5^ + |^^). However, there does not appear to 
be a non-abelian generalization for the analogous action constructed using the d=ll superparticle. 
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= with more than five ^'s is an auxihary equation of motion which does not affect 
physical fields. So removing these auxiliary equations of motion changes auxiliary fields to 
gauge fields, but does not change the physical content of the theory. 

So the action of ( |2.25|) reproduces the Batalin-Vilkovisky action for super-Maxwell 



theory and, if \E' is restricted to ghost number one, ( p.25| ) reproduces the standard super- 
Maxwell action. Note that the norm of ( pj.26D only involves integration over five of the 
sixteen 9'^ variables and therefore resembles a harmonic superspace. Since there are eleven 
independent bosonic A'^ variables, one can interpret this integration over five ^'s as coming 
from a cancellation between the A'^ integration and the integration over eleven of the 
sixteen 9'^ variables. 

2.4- Coupling the superparticle to a super-Maxwell background 

To couple the pure spinor version of the superparticle action of ( |2^ ) to a super- 
Maxwell background in a BRST-invariant manner, it is convenient to use the Oda-Tonin 



method of in which one first computes the BRST variation of the standard super- 
particle action in a super-Maxwell background of ( |2.7[ ). Under the BRST transformation 
generated hj Q = X^d^, 

Q9^ = A^ Qx"^ = '-X-f^9, Qd^ = -zn"^(7^A)^, Qw^ = d^, (2.27) 

where the auxiliary equation of motion Pm = Hm has been used. One can check that 
annihilates all variables except for w^, which satisfies Q'^w^ = —illmi'y^^X)^. This is 
consistent with the nilpotency of Q since Sw^ = —iHmi'y"^ X) fj, is a gauge transformation 
of (|2.11|) with gauge parameter = —iHm- 



After fixing the reparameterization gauge e = — | and using the auxiliary equation of 
motion for Pm, the standard superparticle action in a super-Maxwell background of ( p?7| ) 
transforms under ( 2.27 ) as 



QS = ij rfr(r - iqWnh'^X)f.^m (2.28) 
when the background superfields are on-shell. So if one adds the term 

S' ^ j dr Q[(r - iqW^)w^] (2.29) 



to the standard action, 



Q(S + S')=QS + j dr Q^[{9^ -iqW^)w^]=QS + j dT{9^' - iqW^')Q'^w^ = Q. (2.30) 
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Therefore, the BRST invariant action for the N=l d=10 superparticle in a super-MaxweU 
background is 

Spure = S -\- S (2.31) 

where QW^ = X^D^^W = X'^ {'j'^'^) Fmn and Fmn is the super-MaxweU superfield whose 
lowest component is the vector field strength. 

Furthermore, one can check that the integrand of the super-Maxwell interaction term, 

V = rA^ + li^A^ - id^W^ - i{X^'^^w)Fmm (2.32) 

satisfies QV — -^{X^A^), which is the expected relation between the integrated super- 
Maxwell vertex operator and the unintegrated ghost number one vertex operator \1/ = 
X^A^. Open superstring massless tree amplitudes can be computed in a manifestly super- 
Poincare covariant manner by evaluating the correlation function of these integrated and 
unintegrated super-Maxwell vertex operators on the one-dimensional boundary of an open 
superstring worldsheet. By taking the tension of the string to infinity, these amplitudes 
reduce to N=l d=10 supersymmetric Born-Infeld scattering amplitudes. To compute an 
N-point tree amplitude, one needs three unintegrated vertex operators and N-3 integrated 



vertex operators, and the normalization for the zero modes is defined as in ( 2.26 ) which, 
as desired, is non-vanishing for ghost number three. Furthermore, since the ghost number 
three antighost state of ( |2.26|) is in the cohomology of Q and is not the supersymmetric 



variation of any state in the cohomology of Q, this normalization definition is manifestly 
gauge invariant and supersymmetric. 



3. Covariant Quantization of the N=2 d=10 Superparticle 

Before quantizing the d=ll superparticle, it will be useful to discuss the N=2 d=10 
superparticle. Since the N=2 d=10 superparticle describes the zero modes of the Type 
II superstring, its quantization is expected to describe a linearized version of Type II 
supergravity. 

As will be seen in this section, there are subtleties at zero momentum with quantizing 
the N=2 d=10 superparticle which are related to subtleties with quantizing the Type 
II superstring. Recall that there is a left and right-moving set of (6l,cl) and (6^,0^) 
ghosts in closed string theory, and states in the closed string cohomology are required 
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to be annihilated by both Ql + Qr and by the zero mode — The absence of 
reparameterization ghosts in the pure spinor formahsm makes it difficult to impose the 
~ ^fl condition, which is related to the difficulty in constructing a kinetic term for 
closed superstring field theory. Remarkably, these subtleties will be resolved for the Type 
IIA superparticle in section 4 by taking the Pn = limit of the d=ll superparticle. The 
fact that these subtleties are not resolved for the Type IIB superparticle is not surprising 
because of the self-dual five-form field strength in the Type IIB supergravity spectrum. 

3.1. Standard description of the N=2 d=10 superparticle 
The standard action for the N=2 d=10 superparticle is 

S = j dr{P^Ii^ + eP'^Pm) (3.1) 

where 

TV- = x^+ 'fl^JZOl + Y^iWr, (3.2) 

m = 1 to 10, /U = 1 to 16, /i = 1 to 16, and (6*^, 6*^) are the Type II fermionic superspace 
variables. For the Type IIA superparticle, n and (1 denote spinors of opposite chirality, 
while for the Type IIB superparticle, n and jl denote spinors of the same chirality. 

The action of ( |3.1| ) is invariant under the global N=2 d=10 spacetime-supersymmetry 
transformations 

561= el, 5^^ = e^, dx^ = '-{OLl'^eL + eR^^^en), 6Pm = Se = 0, (3.3) 
and under the local kappa transformations 

< = p"^(7^kl)^ se^, = p^{^Mf, Sx^ = -'-{eL^^6eL + 0R^^6eR), (3.4) 

5Pm=0, 5e = iieiKL. + e^j^f^Ri>). 

The canonical momenta to 6*^ and 6*^, which will be called pl^ and PRp,, satisfy 

PL^ = dL/del = '-P'^Ml)^, PRf. = dL/de^ = |P"^(7m^H)A, 

so canonical quantization requires that physical states are annihilated by the 32 fermionic 
Dirac constraints defined by 

dL^ = PL^ - ^P^(7"'^l)^, dRf, = pRf, - '-Pm{7'^9R)f,. (3.5) 
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Since {pl/^, 6*^^} = — ^^J^ and {pRp,, 6*^} = — these constraints satisfy the Poisson brack- 
ets 

{dLfi, dLu] = -PmlJ^^, {dRfl, dRo} = -Pm'jJ^i^, {dL^,, dRo} = 0, (3.6) 

and since P^P^ = is also a constraint, 16 of the 32 Dirac constraints are first-class and 
16 are second-class. One can easily check that the 16 first-class Dirac constraints generate 
the kappa transformations of (|3.4| ), however, there is no simple way to covariantly separate 
out the second-class constraints. 

3.2. Pure spinor description of the N=2 d=10 superparticle 

Instead of using the standard N=2 superparticle action of ( |3.1|) , the pure spinor for- 
malism for the N=2 d=10 superparticle uses the quadratic action 

Spure = j dr{PmX^ + PL^^^ + pRf^O^^ -f Wl^^'X^ + WRf,\^ - ^P"^ Pm) (3.7) 

where and pr^^ are now independent variables, and are pure spinor ghost 
variables satisfying 

Ai7"^AL = and Xr'^'^Xr = for m = 1 to 10, (3.8) 

and wl^ and WRjj, are defined up to the gauge transformations 

5wL^, = {1"'XL)^^^Lm: SwRf, = (7"'Ai?)/iAfl^, (3.9) 

for arbitrary gauge parameters and A^^^. The action of ( p.7| ) can be written in 

manifestly spacetime supersymmetric notation as 

S,„„ ^ /*(P„n". + + + ..,AX + »«,A"„ - lp-P.„) (3,10) 



where H"^, and dRp, are defined as in ( p.2|) and (|3.5|) . 

To obtain the correct physical spectrum, the action of (|3.7|) will be supplemented 
with the constraint that physical states are in the cohomology of the left and right-moving 
BRST-like operators 

Ql = X^^dL^, and Qr = X'^dRf^. (3-11) 

In other words, physical states \E' will be defined by the equations of motion and gauge 
invariances 

Ql^' = Qi^^' = 0, 5<f = QlAl + QrAr. (3.12) 
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where the gauge parameters Kl and A/j are constrained to satisfy QrAl = Ql^r = 
0. As wiU now be shown, this definition of physical states at (left, right) ghost number 
(1,1) and non-zero momentum reproduces the correct linearized Type II supergravity 



spectrum. However, at zero momentum, the definition of (|3.12| ) omits certain states in the 
supergravity spectrum. As will be explained below, this is caused by the absence of the 
N=2 superparticle analog of the — constraint for the Type II superstring. 

Note that in light-cone gauge, the 44 independent (Aj^, Aj^) and {wLp^WRp) bosonic 
ghost variables cancel 44 of the 64 fermionic {0^,6^ and {pL^nPRp.) variables, leaving 
twenty fermionic variables. Two of these twenty fermionic variables act as the missing 
(6, c) reparameterization ghosts and cancel the longtitudinal components of x"^ and Pm- 
However, besides the sixteen physical light-cone fermionic variables, there are still two extra 
fermionic variables which need to be eliminated. These two extra fermionic variables are 
the N=2 superparticle analog of the (6l — cl — ch) zero modes in the closed superstring. 

3.3. BRST description of linearized Type 11 supergravity at non-zero momentum 

Since Ql and Qr are constructed from independent variables, the physical states de- 
fined by ( ^.121 ) for the N=2 superparticle are described by the "left-right" product of two 
N=l superparticle physical states. At (left, right) ghost number (1, 1), the N=2 superpar- 
ticle wavefunction 

^'(Al, \r, X, 6l: Or) = XlX%A^c{x, Ol: Or) (3.13) 
is physical if A^i> satisfies 

('y Y^Dt a = i'y Y^Dj:^'A -=0 f3 141 

with the gauge invariances 

M^£> = DlpAlu + DrcAr^ where {'^mnpqrY^DRpKLp = ilmnpqrV Dlp^r^ = 0, 

(3.15) 

and 

DLp = ^^ + '-h'-9L)pdm, DRf, = ^+'-{^-^9R)f,d^, (3.16) 

are the N=2 d=10 supersymmetric derivatives. 

In components, ( |3.14| ) and (|3.15 ) imply that the physical states of the N=2 superpar- 



ticle are described by left-right product of super-Maxwell photons and photinos. That is, 
at ghost number (1,1) 

^{Xl,Xr,x,9l,9r) = iXL7"'9L)iXRr9R)a^n{x) (3.17) 
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H^Ll'^OL){eLln.)^.{\RreR){eRln)uF^''{x) + ... 

where the higher components in ... can be expressed in terms of a^^, Xl^' X^n ^"^^ F^^ . 
Furthermore, these fields satisfy the equations of motion 

d {dmdnp dnClYnp) — 9 i^dj^dj^p dpCLj^j^^ = 0, (3.18) 

d'^dimxL] = I'i^udmxi^ = 0, = 7r.^-xk = 0, 

and gauge invariances 

5amn = dmUJLn + dnUJRm, ^Xhrn = dmO^L^ ^XRm = dmO-R, (3.19) 

where the gauge parameters satisfy 

d'^di^ULn] = d^d[mUJR^] = ^p'od^'jl = I'^^dmCr'^R = 0. (3.20) 
If one chooses the Lorentz gauge 

d^a^^ = d-a^r. = d^xl^ = d'^x'km = 0, (3-21) 
the equations of motion and gauge invariances of (|3.18|) and (|3.19|) are those of hnearized 



Type II supergravity where ttmn = hmn + bmn + Vmn4' describes the symmetric traceless 
graviton hmm antisymmetric two-form bmn and dilaton where XLm ~ PLm + Im^Lu 
and XRm = PRm '^Im^Rf describe the N=2 gamma-matrix traceless gravitini [PLm^ PRm\ 
and dilatini [^lu^^Ru], and where F^'^ describes the Ramond-Ramond field strengths. 

So at non-zero momentum, where Lorentz gauge is possible, the ghost number 
(1,1) fields in \E' correctly describe the linearized Type II supergravity fields. How- 
ever, at zero momentum, not all the physical Type II supergravity fields are included 
in {cimmX^rn^X^rn^ F^^). For example, both the dilaton and the trace of the metric are 
physical scalars at zero momentum, but amn only contains one scalar. Similarly, the 
Ramond-Ramond gauge fields at zero momentum are not described by F^^ . The ab- 
sence of these zero momentum fields prevents the construction of a Type II supergravity 
kinetic term which would be the N=2 superparticle analog of the super-Maxwell action 
constructed in (|2.25| ). 
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As mentioned earlier, this problem is related to the absence of the b^ — b'ji constraint in 
the pure spinor formalism. In closed string field theory, the correct definition of physical 
states uses the BRST cohomology of Q = Ql + Qr, together with the constraint that 
states are annihilated by 6^^ — Although this definition agrees with ( |3.12| ) at non-zero 
momentum, it does not agree with (|3.12| ) at zero momentum. Although it will not be 
possible to impose the 6^ — iP^ constraint for the N=2 d=10 superparticle, it will now be 
shown that this constraint is naturally imposed when one quantizes the d=ll superparticle 
using pure spinors. 



4. Covariant Quantization of the d=ll Superparticle 

In this section, the d=ll superparticle will be covariantly quantized in a manner which 
allows a BRST description of linearized d=ll supergravity. 

Standard description of the d=ll superparticle 
The standard action for the d=ll superparticle is 

j dr{Pjr + eP^Pc) (4.1) 



where 



^ + '-e^vi^e^ (4.2) 



c = 1 to 11 is the SO(10,1) vector index with x^^ as the time coordinate, and a = 1 to 32 is 
the SO(10,1) spinor index. The d=ll gamma matrices F^^ are 32 x 32 symmetric matrices 
which satisfy rj^'^^r^) = 277^^52 . In d=ll, spinor indices can be raised and lowered using 
the antisymmetric metric tensor C"^ and its inverse C~^. For example, F'^"^ = C^^^V'f = 
C^^C^'^Tg^. Note that any d=ll antisymmetric bispinor /["^l can be decomposed into a 
scalar, three-form, and four-form as /["^I = C"^ f + {Tbcd)"^ f^'^ + {TtcdeT'^ f^'^'', and any 
d=ll symmetric bispinor (/("^^ can be decomposed into a one- form, two- form and five- form 
as g^"^^ = T"^g'^ + (Tcd)"^ 9'^'^ + iXbcdef)""^ 9^'^'^^^ ■ Furthermore, the d=ll gamma matrices 
satisfy the identity r^bcr^^^FJ^^^ = 0. 

The action of (^4.1| ) is invariant under the global d=ll spacetime-supersymmetry trans- 
formations 

56*" = e", 5a;^ = -6'F^e, dP^ = 5e = 0, (4.3) 
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and under the local kappa transformations 

59'' = p^(rcK)", 5x^ = -^er^se, sPc = o, 5e = ie^Kc,. (4.4) 

The canonical momentum to 9°', which will be called Po,, satisfies 

= dL/d9" = '-P'{r,e)^, 

so canonical quantization requires that physical states are annihilated by the 32 fermionic 
Dirac constraints defined by 

d^=p^-'-Pc{T''e)^. (4.5) 
Since {pa, 0^} = —iS^, these constraints satisfy the Poisson brackets 

{d^,dp} = -P,Tl^, (4.6) 

and since P^Pc = is also a constraint, 16 of the 32 Dirac constraints are first-class and 
16 are second-class. One can easily check that the 16 first-class Dirac constraints generate 
the kappa transformations of ( |4.4| ), however, there is no simple way to covariantly separate 
out the second-class constraints. 

4-2. Pure spinor description of the d=ll superparticle 

At Pii = 0, the action of p.l|) reduces to the standard Type IIA N=2 superparticle 
action of (|T|) where = ^(1 + r^^)^^" and = ^(1 - r^^)^^". This suggests 
constructing a new pure spinor version of the d=ll superparticle action which instead 
reduces at Pn = to the Type IIA N=2 superparticle action of (|3.7| ). This pure spinor 
version of the d=ll superparticle action will be defined as the quadratic action 

Spure = J dr{Pcx''+pJ'' + «;«A" - ^P^P^) (4.7) 

where p^ is an independent variable. A" is an SO(10,1) pure spinor ghost variable satisfying 

AF^A = for c = 1 to 11, (4.8) 

and Wa is the canonical momentum to A" which is defined up to the gauge transformation 



Swc, = (r^A)c,Ac 
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(4.9) 



for arbitrary gauge parameter A^. 

With the exception of the d=ll pure spinor constraint of the action of ( ^7^ ) 

reduces when Pn = to the Type IIA N=2 superparticle action of (|3.7|) where 



^^ = -^(i + rii)^:r, 4 = -^(i-rii)^r, (4.io) 



However, the d=ll pure spinor constraint AF'^A = does not reduce to the N=2 d=10 pure 
spinor constraints XlI^Xl = Xr'J^Xr = of ( |3.8|) . As wiU now be shown, the difference 
between these constraints resolves the difficulties discussed in the previous subsection for 
quantization of the Type IIA N=2 superparticle. 

After decomposing A" into A^ and A^^, the constraint AF'^A = for c = 1 to 11 
implies that 

Ar""A = Al7"^Al + Xr'J^'Xr = for m = 1 to 10, (4.11) 
ApiiA = A^Afi^ = 0. 



The first line of (|4.11[ ) is obviously satisfied when Xl'J^Xl = Xr^'^Xr = 0, however, the 
second line is new and is not implied by (|3.8| ). 

Note that when AF^^A is non-zero, the constraint Ar"^A = implies that 

^pmpii^ = Al7"^Al - Afl7"^Afl = for m = 1 to 10, (4.12) 



which are the remaining constraints of (|3.8| ). To prove this, use the d=ll identity 

7-5) 



?7de^?^o^^.^ = to argue that 



(Ar ^^A)(Ar^^A) = -(Ar"^A)(Ar^A). (4.13) 

So when Ar"^A = 0, either AF'^ ^^A or AF^^A must vanish. In the N=2 d=10 superparticle 
of the previous subsection, AF'^ ^^A was constrained to vanish. However, in the d=ll 
superparticle, AF^^A will be constrained to vanish. 
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To compute the number of independent degrees of freedom of a d=ll pure spinor 



A" satisfying (|4.8|) , note that ^mn7(^^7^)p = imphes that /i™" = Xl1"^^l satisfies 



h'^hm = 0, and suppose that /i"^ is non-vanishing. Then the first hne of ( [4.11 ) imphes 



that Xr'J^Xr = —h^, which constrains nine of the sixteen Xn^ variables, leaving seven 
independent variables for A^^. Furthermore, using the argument of the previous para- 
graph and assuming that is non- vanishing, the second line of ( [4 .111) imposes no further 



constraints. So A" contains 23 independent degrees of freedom, sixteen coming from A^ 
and seven coming from A^^.i 

Replacing the N=2 d=10 pure spinor constraint of ( |3.8D with the d=ll pure spinor 
constraint of ( f4.8| ), one can check that the light-cone counting of degrees of freedom now 
gives the correct answer. After using the 46 independent A" and Wa bosonic ghost variables 
to cancel 46 of the 64 fermionic and Pa. variables, one is left with 18 fermionic variables. 
Two of these fermionic variables replace the missing (6, c) reparameterization ghosts and 
the remaining 16 variables are the physical light-cone fermionic variables. So the AF^^A = 
condition has effectively replaced the 6^ — fc^j constraint of the closed superstring. 

Physical states for the d=ll superparticle will be defined as states in the cohomology 
of the BRST-like operator 

Q = A"da, (4.14) 



which is nilpotent because of ( [1.6| ) and ( ^.8| ). As will now be shown, this definition of 
physical states correctly describes the spacetime fields of linearized d=ll supergravity, as 
well as describing the spacetime ghosts, antifields and antighosts of the theory. Note that Q 
of ( p^ reduces at Pn = to the sum of the N=2 d=10 BRST operators Q = Qr + Ql = 



X^dLp, + XR^d^. However, using the d=ll superparticle quantization, the linearized d=ll 
supergravity states will reduce at Pn = to the linearized Type IIA supergravity states 
without any of the problems at zero momentum encountered in the previous section using 
the N=2 superparticle quantization. 



^ As in the d=10 case, the d=ll pure spinor A" must be complex to satisfy ( |4.8| ), but its 
complex conjugate A" never appears in the formahsm and can therefore be ignored. Note that 



if Howe's definition of d=ll pure spinors of [17| had been used. A" would have had sixteen 
independent components. 
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4-3. BRST description of linearized d=ll supergravity 

As opposed to ghost-number one physical fields of the N=l d=10 superparticle and 
ghost-number two physical fields of the N=2 d=10 superparticle, the physical fields of the 
d=ll superparticle will appear at ghost- number three in the cohomology of Q. As will be 
seen in subsection (7.1), this comes from the fact that d=10 super-Maxwell theory couples 
to the one-dimensional worldline of the superparticle. Type II supergravity couples to the 
two-dimensional worldsheet of the closed superstring, and d=ll supergravity couples to 
the three-dimensional worldvolume of the supermembrane. 

At ghost-number three, the d=ll superparticle wavefunction is 

^'(A, X, e) = A"A^A^A«^^(x, e) (4.15) 

where A^^pj is an arbitrary d=ll superfield which is symmetric in its spinor in- 
dices and which, because of ( ^78|) , is defined up to the algebraic gauge transformation 
SAcip-y = llai3-^i)c arbitrary F^c- The equation of motion = implies that 
\P \^ D^Ap-^s = 0, and = QA implies the gauge transformation SAp^s = D(^pA^s^ 
where A = A^A^Aq/j and Da = + ■^{'y^O)adc is the d=ll supersymmetric derivative. 
It will now be shown that these equations of motion and gauge invariances describe the 
linearized d=ll supergravity fields. In fact, up to a gauge transformation and with an ap- 
propriate choice of conventional constraints, Aap-y is expected^ to be the linearized spinor 
component -Ba/37 of the three-form superfield Babc of d=ll supergravity. 

Expanding in components, one can show that \E' of ( fl.lSD can be gauge-fixed to the 

form 

^'(A, X, 9) = A°A^A'^Aa^^(x, 9) (4.16) 
= (A7'^^)(A7^^)(A7^^)6„,,(x) + {\-^^''9){\^''H){\-^,9)gab{x) 

+(A7''^)[(A7^^)(A7'^)(^7cd)a - (A7^'^^)(A7c^)(Mo]x?(x) + ... 

where terms in ... involve more than four ^'s and can be expressed in terms of babc{x), 
gab{x) and x^(x). Note that babe is antisymmetric in its indices and gab is symmetric in its 

I would like to thank Paul Howe for suggesting that Bafi-y might play such a role. 
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indices. Furthermore, the component fields babdx), Qabix) and (x) satisfy the equations 
of motion and gauge invariance^il 

d'^d[abbcd] = 0, Sbabc = d[aU^i,^], (4.17) 

d^idaQbc - '^d^b9c)a) + dbdci'n'^^gde) = 0, Sgab = d^aPb), 
ir'lcpdbX^. = 0, 5xf = daC^ 

which identify them as the hnearized three- form, graviton and gravitino of d=ll super- 
gravity. So the ghost-number three cohomology of Q correctly describes the linearized 
d=ll supergravity fields without any subtleties at zero momentum. 

To show that the cohomology of Q at other ghost numbers correctly describes the 
ghosts, antifields and antighosts of linearized d=ll supergravity, it is convenient to first 
compute the zero momentum cohomology using a BRST operator Q with an unconstrained 
d=ll spinor A". As discussed in the appendix of this paper, the cohomology of Q at zero 
momentum is equivalent to the cohomology of 

Q = + Ar^A6(_i), + cl)(xr,dXuf_^) + Xr^Xu^_2)[,d]) + - (4.18) 

where [6(_^),C(„)] and [■U(_^), f (^)] are new fermionic and bosonic pairs of conjugate vari- 
ables of ghost number [— n, n] and ... involves ghost numbers up to [—7,7] whose explicit 
form can be found in the appendix. As in the discussion of subsection (2.3) for the N=l 
d=10 superparticle, the term Ar'^A6(_i)c in (|4.18[) imposes the pure spinor constraint and 
the terms c^j^-j(ArcdAw^_2-) + Ar'^Aw,(_2)[cd]) + •■■ remove the extra gauge invariances implied 
by this constraint. 

As will be discussed in the appendix, the states in the cohomology of Q are in one-to- 
one correspondence with the variables 

t'(2), ^(2) 7 C(-2), C^g-, , Cj^g^ , ^J(3) , 0(4) , tJ^.^^ , i^^^^ , i^^g) , C^.^^ , C^g) , -y^g) , C(7)J . (^4.iyj 

The ghost number three states corresponding to [A^^ ,Al^^^\v1^^-^] are the graviton, anti- 
symmetric three- form, and gravitino fields of linearized d=ll supergravity, and the ghost 
number four states corresponding to [t'^^^'', f j^^^^, c^"^] are their antifields. The ghost 



Although one can in principle derive these equations of motion directly from the higher 6 
components of = 0, they can be justified indirectly using the cohomology structure of the 
antifields which will be discussed below. 



23 



number two states corresponding to [^^[^2)' '^(2)' "^(2) ] ghosts coming from super- 

reparameterization invariance and the three-form gauge invariance Sbcde = f^[c^de]5 and 
the ghost number five states corresponding to [C(5), "t'^-j, c^^'j'] are their antighosts. The 
ghost number one state corresponding to c^^^ is the ghost-for-ghost coming from the gauge 
invariance of the two-form gauge parameter SA^e = f^[d^e] ' the ghost number six state 
corresponding to f is its antighost-for-antighost. FinaUy, the ghost number zero state 
corresponding to 1 is the ghost-for-ghost-for-ghost coming from the gauge invariance of 
the ghost-for-ghost gauge parameter dA'^ = deA" , and the ghost number seven state cor- 
responding to C(7) is its antighost-for-antighost-for-antighost. So using the results of the 
appendix, the zero momentum cohomology of Q correctly describes the zero momentum 
ghosts, fields, antifields and antighosts of linearized d=ll supergravity. 

Using the one-to-one map between states at zero momentum in the cohomologies of Q 
and Q, one finds that the wavefunction for the zero momentum states in the cohomology 
of Q with constrained A" is 

vi>(A, e) = u" + {xeyu'^ + {x'9^)^^%,,] + {x^e^p, + {x'e^^^ (4.20) 

where [cujcdj, t^^^,, cu"] and [u'^^^t^.u'* ,u"*] are the ghosts and antighosts for the three- 
form gauge invariance, [pc, ^a] and [p*,^^] are the ghosts and antighosts for the super- 
reparameterization invariance, [h[cde\, 9{cd),Xca\ and [^[cde] ' fi'('cd) ' Xca] are the linearized 
d=ll supergravity fields and antifields, and to simplify notation, the contractions of the 
spinor indices of A" and 6^ in ( [4.2C1| ) have been suppressed. Note that the contractions of 
the spinor indices in the scalar ghost number seven state denoted (A^6'^) can be determined 
indirectly using the fact that 

(Ari6')(Ar2^)...(Ar^«6') = e^i-^s'^^(ArdeA)(A^^^), (4.21) 

which can be proven using the identity (Ar^)Q,(ArcdA) = 0. This is analogous to the fact 
that the ghost number three scalar state (A'^^^) in the N=l d=10 cohomology satisfies 

(A7""i6')(A7""26/)...(A7"^^6') = e""i-"^5'^P^'^"(Ar^pg^,A)(A^^^), (4.22) 
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which can be proven using the identity {X'^'^) ^{X'jmnpqr^) = 0. 

The cohomology of Q at non-zero momentum can be obtained by finding the con- 
straints on the component fields of (^4.201 ) imphed by (5\1/ = and = QA. One finds 
that ah ghosts and antighosts have trivial cohomology at non-zero momentum, the su- 
pergravity fields satisfy the equations of motion and gauge invariances of (|4.17|) , and the 
supergravity antifields satisfy the equations of motion and gauge invariances 

a"6:,, = 0, 56:,, = a%p,,,], (4.23) 

As expected, the gauge invariances and equations of motion of the d=ll supergravity anti- 
fields are related to the equations of motion and gauge invariances of the d=ll supergravity 
fields of ( p7| ). 

Using the wave function \E' and the BRST operator Q = A^rfa, one can construct the 
spacetime action 

S = j d^^xi^HQ'H) (4.24) 

where the norm ( ) is defined such that 

((A^6'^)) = 1. (4.25) 

Since (A^^^) is the scalar antighost state in ([4.21j ) which cannot be written as QA for any 
A, the action of (|]2|) is gauge invariant under = QA. Furthermore, the equations 
of motion from varying \E' in ( ^.24| ) imply that Q\E' = for components in Q\l/ involving 
up to nine ^'s. Although the manifestly supersymmetric equations of motion require that 
Q^f = for all components of Q\l/, one can check that any component of Q\E' = with 
more than nine ^'s is an auxiliary equation of motion which does not affect physical fields. 
So as in the super-Maxwell action of ( |2.25D , removing these auxiliary equations of motion 
changes auxiliary fields to gauge fields, but does not change the physical content of the 
theory. 

So the action of (|4.24|) reproduces the Batalin-Vilkovisky action for linearized d=ll 
supergravity theory and, if \E' is restricted to ghost number three, ( |2.25| ) reproduces the 
standard linearized d=ll supergravity action. Note that the norm of ( [4.25| ) only involves 
integration over nine of the 32 variables and therefore resembles a harmonic superspace. 
Since there are 23 independent bosonic A" variables, one can interpret this integration over 
nine ^'s as coming from a cancellation between the A" integration and the integration over 
23 of the 32 variables. 
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5. Covariant Quantization of the Type II Superstring 

In this section, the pure spinor description of the Type II superstring will be reviewed 
using language which will be convenient for generalization to the supermembrane. 



5.1. Standard description of the Type II superstring 

Using notation similar to that of the N=2 d=10 superparticle action of (|3.1|) , the 



standard action for the Type II superstring can be written as 

S = J drodniPrnU^ + Bf^^d^oZ^'d^^Z^ + e\P^Pm + n^ni^) + e^P^n^) (5.1) 
where 

n- = dox^ + '-{OLi'^doeL + eR^^^doOR), n- = d^x^ + ^(^l7"^£'i^l + eR-^^d^OR), 

(5.2) 

and are Lagrange multipliers for the worldsheet reparameterization constraints, -B^^'JiJ 
is the flat value of the Type IIA two-form superfleld, Z^ = (x"^, 6^, 6*^), and M = (m, ^u, jl) 
is a d=10 superspace coordinate. Note that after integrating out P"^, and e^, the action 
of ( |5.1| ) reduces to the usual Nambu-Goto form of the GS superstring action. 

Like the N=2 d=10 superparticle action of ( |3.1D , the superstring action of ( |5.1| ) is 



invariant under global N=2 d=10 supersymmetry transformations and under "left-moving" 
and "right-moving" kappa transformations. To check kappa symmetry, note that under 
the local transformation 

5o^ = il se^R-i'k^ 5x^ = -\{eLi'^iL + eR^^iR), (5.3) 

5Pm = -i{^Llmdl9L - ^RlmdlOR), 

the action of ( p.l| ) transforms as 

5S = i j d\[{iLl'^dReL){Pm - I^lm) + {iRl"^ d R){Pm + I^lm)] (5.4) 

where dR = do + (e^ - 2e^)di and dL = dQ + (e^ + 2e^)di 
So if 

eL = {Pm-l^lm){.l'^t^LY and = {Pm + l^lm) [l"^ rY (5.5) 
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for some and K^fn 

SS = iJ d^T[iKLMl){P -III)^ + {f^RM^R){P + (5.6) 

which is canceUed by defining and to transform as 

5e^ = -iKL.dRei - ikrM^r: Se^ = 2iKL.dRe'i - 2iKRM^R. (5.7) 
The canonical momenta to and 6*^, which wiU be caUed pl^j. and PRp,, satisfy 

PRf, = dL/de% - lp-(^^^^)^ - 

so canonical quantization requires that physical states are annihilated by the 32 fermionic 
Dirac constraints defined by 

dL,=PLf.-'-Pmh^eL),+Bl'^'d,Z'', dRf,=PRf,-'-Pmh^eR)f, + Bl'^'d,Z''. (5.8) 

Using {pL,, 91} = -iS^, {PRfi, Or} = -^5^, and the fiat space value of H^^^p = diMB^jp^, 
one finds that these constraints satisfy the Poisson brackets 

{dL^^, dL.} = -(P^-ni^)7;7,, {dR^^ dR^.} = -(P„^+ni^)7^. , {dL,, dfl^} = 0. (5.9) 

And since (P — IIi)^ = and (P + IIi)^ = are also constraints, 16 of the 32 Dirac 
constraints are first-class and 16 are second-class. One can easily check that the 16 first- 
class Dirac constraints generate the kappa transformations of ( |5.3| ), however, there is no 
simple way to covariantly separate out the second-class constraints. 

Although one cannot covariantly quantize the action of ( |5.1D , one can classically couple 
the superstring to a Type II supergravity background using the action 

S = j d'riP^Iif + BMNd^^Z^'d^^Z'' -f e\P^P^ + nf Hi^) + e^P^nf ] (5.10) 

where lif = E^doZ^ , Uf = E^diZ^ , [E^.Eff ,E¥] is the super-vierbein, [E^, 

E^,Ej^] is the inverse super-vierbein, Bmn is the curved Type II two-form super- 
field, M = [m, /U, /i] denote curved vector and spinor indices, and the underlined indices 
M = [m, fl] denote tangent-space vector and spinor indiceS. 



To avoid confusion, the indices a,b,c, ... and a, /?, 7, ... will be reserved for d=ll indices. 
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This action is invariant under N=2 d=10 super-reparameterizations of the background 
as well as under the two-form gauge transformations SBmn = d^M-^N]- Under the local 
transformation 

dZ^ = E^i^ + Efii 5Prn = -i{iLl:n),El,d,Z^ + l{^Rlrn)^E^d,Z^, (5.11) 

the action transforms as 

5S = i j (fT[{iLl^)^E^dRZ^{Prn ' Hl^) + {^R^^) ^E^jSlZ^ {P^ + Hi^)] (5.12) 

when the background superfields are on-shell. So the action is invariant under kappa 
symmetry if one defines 

= -it^L.Ej^dRZ^ - iKRoE^dLZ^, Se^ - 2tKL^Ej^rdRZ''' - 2inRoE^dLZ^ , 

(5.13) 

where 

^j:=iPrn-Uirn)h^KL)^ and = (P^ + Hi^) (7^^^)^ (5.14) 

for some kl^ and KRfi. 

5.2. Pure spinor description of the Type II A superstring 

Using notation similar to that of the pure spinor version of the N=2 d=10 superpar- 
ticle, the pure spinor version of the Type II superstring action can be written as 

Spure = j dTodrilP^dox"^ + PLfidoO'^ +PRfLdoO'^ + WL/i^oA^ + WRjxdoXji (5.15) 

+e^{PmdlX^+PL^d^el +PRf,die^^ + WL^diX'^L + WRf.diX'i,)] 



where pl^i and pRfi are now independent variables ||2^, and A^ are pure spinor ghost 
variables satisfying 

Ai7'^AL = and Xrj'^Xr^O for m = l to 10, (5.16) 

and wl^ and WRf,, are defined up to the gauge transformations 

SWL^^ = h'^XL)^,ALm: SwRf, = {'j'^ Xr) f,AR^, (5.17) 
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for arbitrary gauge parameters Ax,m, and K^m- The action of (|5.15| ) is quadratic in confor- 
mal gauge where is gauged to zero, but for later comparison with the supermembrane 
action, it wiU be useful to leave in the action and not fix reparameterization invariance 
of the Ti coordinate. Note, however, that like the pure spinor version of the superparticle 
actions, reparameterization invariance of the tq coordinate has been fixed in ( ^.151) . The 
action of (|5.15| ) can be written in manifestly spacetime supersymmetric notation as 

Spure = J rfV[P^n^ + Bli'^j^d^oZ^d^Z'' + dLt^doOl + rf^A^O^ + W^L^x^qA^ + WR^d^X^ 

(5.18) 

--(p"^p^ + n^ni^) + dL^^d^ei - dRf^diO^^ + WL^^d^xi - WRf^d^x^ 



where H"^, dL^ and dRj^ are defined as in and ( |5.8D , = P,^ — B^'^diZ^ , and 

= (x"^, 6*^, 6*^). Note that P^n, c^L/x and dR/i are defined to be invariant under spacetime 
supersymmetry. 

As in the N=2 d=10 superparticle, physical states of the Type II superstring are 
defined as states in the cohomology of the left and right-moving 

Ql = X^dLi^ and Qr = X'^dRp,. (5.19) 

In other words, physical states \E' will be defined by the equations of motion and gauge 
invariances 

QL^'-Qfl^' = 0, 5<if = QlAl + QrAr. (5.20) 

where the gauge parameters and A^; are constrained to satisfy QrAl = Ql^r = 0. 
Note that Ql and Qr are conserved using the equations of motion 

OrX^^ = dRdL^ = 0, OlX^ = dLdR^ = 0, (5.21) 

where 8^ = 80 + (e^ — l)di and Or = Oq + (e^ + l)di. And using ([5.9|), one finds that 

QI = QI = {Ql.Qr} = o. 

Since the superstring action of ( |5.15| ) reduces to the N=2 d=10 superparticle action 
when all worldsheet variables are independent of ri, the massless sector of the superstring 
spectrum consists of the Type II supergravity states found in subsection (3.3). Further- 



more, it was shown in [19| that the massive states in the cohomology of Ql and Qr 



reproduce the standard superstring spectrum. 
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5. 3. Coupling the superstring to Type II supergravity 

As in subsection (2.4) for the N=l d=10 superparticle in a super-Maxwell background, 
the easiest way to obtain the pure spinor version of the superstring action in a curved Type 



II supergravity background is to use the Oda-Tonin method of [27| and first compute the 



BRST variation of the standard superstring sigma model action of ( ^.lOp . Under the BRST 



transformation generated hy Ql = § A^fiL^i and Qn = § X'^d^/x in a fiat background, 
Qi^^ = A^, Qlx'" = ^AiT'-^i, Ql^Lm = -^n2:(7mAL)^, Ql^^l^ = t^L^, (5-22) 

g^^^ = aJ, Qrx"^ = '-XR^'^eR, QRdR^ = -zn^(7^Afi)^, Qrwr^ = dR/,, 

where the equation of motion P"^ = n^J^+eill^ has been used, IT^ = n^-|-(ei — 1)11^, and 
= Hq* + (ei + 1)115". In a curved background, these BRST transformations generalize 

to 

QlZ^ = E^X^, QLdL^^ = -mf (7^Az.)^, QlWl^^ = dL^, (5.23) 

QrZ^'^ = E^Xj^, QndRp, = -zn^(7jTj_Afl)p,, QrWrp_ = dRp,, 

where Ejf and E^ are defined as in (^3D|), Uf = E^OlZ^ and nf = E^OrZ^ . 

After fixing the reparameterization gauge e° = — ^ and using the equation of motion 
for Prn, the standard superstring sigma model action of ( |5.1C1| ) transforms under ( |5.23|) as 

QlS = 1 j d^TiXL^^)^E^dRZ^ULrn. Q rS = I j d^T{XRj^) ^E^^OlZ^Ur^^ (5.24) 

when the background superfields are on-shell. If A^ and A^ were replaced by and 
of ( |5.14|) , this would be a left and right-moving kappa transformation, which could be 
cancelled by shifting and as in (|5.13|) . However, in the pure spinor formalism, the 



transformation of ( |5.24| ) will be cancelled by adding to the action the term 

S' = J d\[QL{wL^J^^jdRZ^) + QR{wR^E^jdLZ^) - QLQR{wL^^WR^m^)] (5.25) 

where R—- is a superfield whose lowest component is e'^ times the Ramond-Ramond field 
strength F--. Using Bianchi identities and equations of motion, one can show that R-- is 



related to the superspace torsion Tj^^ by pij] 



Tpm — i'JmpiJ.R^ 7 -^pm — ^ImppR^ ■ (5.26) 
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To see that + 5") = 0, note that since Q| annihilates aU variables except for 

(5.27) 

= J d'T[-tUf{XL^^)^E^^dRZ^] = -QlS 

where the Type II on-shell torsion constraints have been used. Similarly, one can show 
that Qr{S + S') = 0. 

So the classically BRST-invariant superstring action in a curved Type II background 
is given by Spure = S + S', however, to preserve quantum BRST invariance [|2l|], one also 
needs to add the Fradkin-Tseytlin term a' J d^r^r to the superstring action where r is 
the worldsheet curvature and ^{x.OliOr) is a scalar superfield whose lowest component is 
the spacetime dilaton. Using the BRST transformation of ( |5.23|) to explicitly compute 5" 



of (|5.25|) , one finds that the pure spinor action in a curved background is 



Spure = j d'rihifliRrn + BuNd^oZ^ d^Z"" + dL^Ej^dRZ^' + dRf^Ej^,dLZ^ (5.28) 

+WLiidRXj + wr^SlXji^ + ilj^^dRZ^Xj^WLu + ^j^^^OlZ^^ X^wrc. 

+R(^-dL^dR^ + C^~dRp.XjWLu + Cj~dL^j.Xji^WRo + S^Xj^wli^XjiWro + aV$] 

where the explicit relations between the background superfields appearing in (|5.28| ) are 
explained in [pT|. 



By computing the linearized contribution of the background superfields to Spure of 
( ^.28|) , one obtains the integrated form of the massless Type II superstring vertex operator 
/ d'^rV. Since Spure is BRST invariant, Ql J d'^rV and Qr j d^rV must vanish up to 
worldsheet equations of motion when Ql and Qr generate the BRST transformations of 
( ^.22|) in a fiat background. 

Once one has the integrated BRST-invariant vertex operator associated with a phys- 
ical state, there is a simple method for obtaining the unintegrated BRST-invariant vertex 
operator associated with this state. Since {Ql + Qr) J d'^rV = 0, {Ql + Qr)V = diW^ 
for some ghost number one state where z = or 1. And since {Ql + Qr)'^V = 0, 
{Ql + Qr)W^ = e^^djU for some ghost number two state U satisfying {Ql + Qr)U = 0. 
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This ghost number two state U is defined to be the unintegrated closed superstring ver- 
tex operator associated with the physical state represented by V . Using this method, 
one finds that the unintegrated massless vertex operator U associated with the linearized 
contribution to Spure is the ghost number two N=2 d=10 superparticle wavefunction 
^'(Al, Afl, Ol, eR)=\lXi,A^o{x. Ol, Or) of M) - 

Closed superstring massless A^-point tree amplitudes can be computed in a manifestly 
super-Poincare covariant manner by evaluating correlation functions of — 3 massless 
integrated vertex operators V with three massless unintegrated vertex operators U . The 
normalization for the worldsheet zero modes is the "left-right" product of the norm of 
( p.26|) , {{^%0^){X^9j^)) = 1, which implies that the amplitudes are gauge invariant and 
supersymmetric when the external states are on-shell. 

6. Covariant Quantization of the Supermembrane 

In this section, the methods developed in the previous sections for the d=ll super- 
particle and Type II superstring are generalized to construct a BRST-invariant action for 
the supermembrane. Almost all of the intuition needed for constructing this action comes 
from the requirements that the action reduces to the d=ll superparticle and Type IIA 
superstring actions in the appropriate limits. That is, in the limit where all worldvolume 
variables are independent of coordinates ri and r2, the supermembrane action must reduce 
to the d=ll superparticle action of section 4. And in the limit when Pu = 0, x^^ = T2, 
and all other worldvolume variables are independent of T2, the action must reduce to the 
Type IIA superstring action of section 5. 

6.1. Standard description of the supermembrane 

Using notation similar to that of the d=ll superparticle action of the standard 

action for the supermembrane can be written as 

S = j rfrorfrirfr2(Pcn^+S^^c^[o^^9iZ^a2]Z^+eO(P^Pc+det(n5nj,))+e^P,n^) (6.1) 

where /, J = 1 to 2, det{UjUj,) = {uiUi,){uiU2d) - (^^^2c)^ = ^qx^ + ^{ev^doe), 

Ilj = djx'^ + ^{9r'^dj9), e^ and e^ are Lagrange multipliers for the worldsheet reparameteri- 
zation constraints, B^^'^q is the fiat value of the d=ll three-form superfield, = (x", ^"), 
and A = (a, a) is a d=ll superspace coordinate. Note that after integrating out P"^, e*^ 
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and e^, the action of (|6.1| ) reduces to the usual Nambu-Goto form of the supermembrane 
action 

Like the d=ll superparticle action of (^?T|), the supermembrane action of ( |S.1D is 
invariant under global d=ll supersymmetry transformations and under kappa transfor- 
mations. To check kappa symmetry, note that under the local transformation 

5r=r, (5x^ = -|(^rO, dPc = -i(^T,ddi9)UyJ, = 2ieV-^eaajr , (6.2) 



(6.3) 



the action of ( |6.1|) transforms as 



where 



So if 



V6'^ = {do + e^di)eP - 2e^T^^^diem'je^-\ (6.4) 



r = (rf + \k!^'i^''j^'')^P (6.5) 



for some Kp, 

ss = ij d^T[Kf3ve^{P''Pd + det(n^nj,)) + 2(A€r^v^)n,,(p^njd)e^^]. (6.6) 

So dS can be cancelled if and are defined to transform as 

5e° = -iK/sVe^, Se^ = 2ie^e^-^ ^^dje^" + 2ie^\KV^Ve)Iij^ (6.7) 

where the first term in comes from the transformation of ( |6.2| ). 
The canonical momenta to 6°", which will be called p^-, satisfies 

so canonical quantization requires that physical states are annihilated by the 32 fermionic 
Dirac constraints defined by 

1 



rflat _ Tjflat 



Using {pct,0^} = —iS^ and the flat space value of Hj^^^jj^ = O^aB'^^j^'^, one flnds that 
these constraints satisfy the Poisson brackets 

{d^, dp} = -Pj:ip + \e'JliiJijaTl%. (6.9) 
33 



And since 



= -52(PcP^ + det(n^nj,)) - 2t''{P-Iii,)IijaT'!^ 



is proportional to the reparameterization constraints, 16 of the 32 Dirac constraints are 
first-class and 16 are second-class. One can easily check that the 16 first-class Dirac 
constraints generate the kappa transformations of ( |6.2|) , however, there is no simple way 
to covariantly separate out the second-class constraints. 



Although one cannot covariantly quantize the action of (|6.1| ), one can classically couple 



the supermembrane to a d=ll supergravity background using the action 
S = j rfV[Pen§ + BABcd[oZ^diZ''d2]Z'^ + e\P^Pc + det(nfnj,)) + e'PJij] (6.11) 

where Ilf = E^d^Z^, Ilf = E^djZ^, [E^,E^] is the super-vierbein, [E%E^ is the 
inverse super-vierbein, Babc is the curved three-form superfield, A = [a, a] denote curved 
vector and spinor indices, and the underlined indices A = [c, a] denote d=ll tangent-space 
vector and spinor indices. 

This action is invariant under d=ll super-reparameterizations of the background as 
well as under the three- form gauge transformations SBabc = d^A^BC]- Under the local 
transformation 

SZ^ = E^i^, 5P, = -ii^T^)^E^diZ''uje'', 5e' = 2ie''e'' i^E^djZ^, (6.12) 
the action transforms as 

5S = i j d\^^{Tl^P^ - h:f^iJijde'')VQ^ (6.13) 
when the background is on-shell where 

Ve^ = (^0 + e'di)Z^ - 2e'^r^y EjdiZ^Uje". (6.14) 
So the action is invariant under kappa symmetry if one defines 

Se^ = -m^Ve^, 6e^ = 2ie^e^^ ^^EjdjZ^ + 2ie^-^ {Kr^Ve)Uj^ (6.15) 

where 

^^=(rfV+irfnfny^)., (6.16) 

for some k^. 
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6.2. Pure spinor description of the supermembrane 

Using worldvolume variables which generahze the worldhne variables of the pure spinor 
version of the d=ll superparticle, the pure spinor version of the supermembrane action 
will be defined as 

Spure = J drodridr2[PcUo + sSc^[o^^9i^''92]^^ + c^a^o^" + wM" (6.17) 
-liP'Pc + det(n^nje)) + {dr,di9)U'je" + {wr,diX)U'je" 

-ie"{wr^die){xr^dje) + ie"{wo,die"){x^dje^) 

where Pc = Pc + ^B^'^j^djZ^djZ^ e^"^ , da is defined as in ( |6.8|) , and Pc and d^ are defined 
to be invariant under supersymmetry transformations. One can easily check that this 
action reduces to the d=ll superparticle action and Type IIA superstring action in the 
appropriate limits. Although the third line of ( |6.171 ) vanishes in these limits, the presence 
of the third line will be necessary for BRST invariance of the action. Note that the first 
and fourth lines of ( |6.17| ) simplify to PcOqx'^ + PadoO"' + WadoX" where do = do + dj 
when written in terms of the non-supersymmetric variables Pc and pa. However, unlike 
the superstring action, the second line of (|6.17| ) which comes from the supermembrane 
Hamiltonian remains complicated when written in terms of Pc and p^- 

As in the d=ll superparticle, the supermembrane action of (|6.17| ) needs to be sup- 
plemented with the BRST-like constraint Q = X'^da. Using the canonical commutation 
relations of ( |6.9| ), this constraint generates the BRST transformation 

gr = A", Qx^ = '-XT-e, Qd^ = -ms(r,A)„ + |e^'^n,,njd(r^'^A)«, Qw^ = rfa, 

(6.18) 

where the equation of motion P'^ = IIq = + e^Hj has been used. In addition, in order 
to allow the construction of a BRST-invariant action, it will be assumed that the Lagrange 
multipliers transform under a BRST transformation as 

Qe^ = -ie^^X^djO'^. (6.19) 

The necessity of ( |6.19p can be seen from the kappa transformation of ( |6.2| ) , and differs from 
the superstring kappa and BRST transformations of ( |5.3|) and ( ^.22|) where the Lagrange 
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multipliers are invariant. This difference comes from the fact that supermembrane kappa 
transformations do not preserve the Type II A superstring condition that x^^ = T2. So 
to restore the condition x^^ = T2 after performing a kappa or BRST transformation, one 
needs to perform a worldvolume reparameterization of T2 which transforms the Lagrange 
multipliers . 

A second important difference between the supermembrane BRST transformations 
of ( |6.18|) is that AF'^A = is not enough to guarantee that Q is nilpotent. Although 
g2^" = g2^c = when AF^A = 0, 

Q^do. = (Arao^)(reA)a - e'''{xr,die)Ujd{r^''x)^ + e'^{Xpdief')u'j{r,x)^ (6.20) 

= -{XT-T%e)Ujde'-'{T,x)^ - e^^(Ar,a,^)njd(r^^A)« + e^-^(A^a,^^)n}(r,A)« 
= -{xr^%9)Ujde'''{r,x)^~e"{xr,di9)Ujd{r^''x)^ 
= l(Ar,rfA)n^e^^(r^aj^)„, 

where the equation of motion = has been used and 

vr = {do + e^a/)^" + (ra/^)"njce^'^. (6.21) 

Furthermore, Q^e^ = —ie^^XadjX'^. 

For this reason, the pure spinor constraint AF'^A = needs to be supplemented with 
the additional constraints (AF'^^A)njd = and X^djX"' = in order that the BRST 
operator Q = X"da is nilpotent. The fact that additional constraints are required for the 
supermembrane is not surprising since the supermembrane Hamiltonian is not quadratic, 
implying that A° is not a free worldvolume variable. So the primary constraint AF'^A = 
does not commute with the supermembrane Hamiltonian and needs to be supplemented 
with secondary constraints using the standard Dirac procedure. To find these secondary 
constraints, note that under 5wa = (F'^A)aAc, 

5Spure = j c/VA,[lao(AF^A) + {XT^T''diX)Iijde'' - ie'' {XV^''die){XTddje)] (6.22) 

= j (iVA,[^ao(AF'^A) + (A«a,A")n}e^-^ + ^a,[(AF^"A)nj,e^^] + ^(AF"A)(a,^F^%^)e^'^]. 

So {XV^'^X)Iijd = and XadjX" = are an appropriate choice of secondary constraints. 
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Note that the secondary constraints (Ar'^'^A)njd = and X^djX^ = also do not 
commute with the Hamiltonian, and therefore lead to further secondary constraints. How- 
ever, one can easily check that the complete set of primary and secondary constraints 
generated in this manner is first-class. Furthermore, for checking nilpotence of Q and 
BRST invariance of the supermembrane action, only 

Ar^A = 0, (Ar^'^A)nje = o, a^^jA" = o (6.23) 

are required. 

The most direct way to check BRST invariance of the supermembrane action is to show 
that ( |6.17| ) is invariant under ( |6.18| ) and (|6.19[) up to the constraints of ( |6.23| ). However, 



a more elegant way to show BRST invariance is to use the Oda-Tonin method of [571 and 



write the action of (|6.17|) as 

Spure = S + j (fr QKVr] (6.24) 

where V^" is defined in ( |6.21|) and 5" is the standard supermembrane action of ( |6.1|) in the 
reparameterization gauge = — |. Using ( |6.3| ) and replacing with A", one finds that 

QSpure =QS + J d\ Q2[^y^vr] (6.25) 

so Spurs is BRST invariant. 

6.3. Coupling the supermembrane to a d—11 supergravity background 

By starting with the standard supermembrane action in a curved background and 
using the background-dependent version of the BRST transformations, one can also use 
the Oda-Tonin method to construct the BRST-invariant version of the supermembrane 
action in a curved background. In a curved background, the BRST transformations of 
( |6.18| ) and ( p. 191 ) are generalized to 



QZ^ = E^X^, Qd^ = -mf (r,A)^ + '-e'^'UiJljaiV^X)^, Qw^ = d^, (6.26) 

Qe^ = -ie"X^EjdjZ^. 
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For Q to be nilpotent in a curved background, one needs to impose the constraints 
Ar^A = 0, {\T^X)Uj^ = 0, A^VjA^ = (6.27) 

where 

VjA^ = djX^ + of (r^A)^c>jZ^ + X^TgU% (6.28) 
is a dimension-one component of the superspace torsion which is related on-shell to 

the four- form field strength Hated, and of is the superspace spin connection. Note that 
the third constraint of ( |6.27| ) is obtained from requiring that Q^e-f = o. 
The resulting BRST-invariant action in a curved background is 

Spure = S + j d^TQ[w^\/e^] (6.29) 

where 

Ve^ = EjdoZ"^ + r^^EjdiZ'^U-je" (6.30) 

and S is defined in (|6.11| ) after gauge-fixing = —\ and setting P- = 11^. Using the 
background-dependent BRST transformation of ( |6.26|) , one finds 

Spure = J rfV[^n§noc + BABcd[oZ^diZ''d2]Z^ - ^ det(nfnj,) + rf^ve^ (6.31) 

+w^{VoX^ + r|(v,A^)n5e^-^) 

-ie"{w^rf^E^djZ''){X^lfEidjZ^) + it'\wJ^%diZ^){X^_EldjZ'')] 

where VqA— and V/A— are defined as in ( |6.28| ). 

At first sight, it might seem surprising that the pure spinor version of the super- 
membrane action in a curved background does not reduce to the Type IIA superstring 
sigma model action of ( |5.28|) after double-dimensional reduction. Although both actions 
are BRST invariant, the AF^^A = constraint in the supermembrane formalism implies 
that the curved background fields couple differently in the two actions. For example, there 
is no analog of the Fradkin-Tseytlin term a' J d^r^r or the / d^TR--dL^djic term in the 
supermembrane action. However, since the Type IIA superstring sigma model is only 
valid for perturbative string theory, these two actions are only guaranteed to agree in the 
limit when the string coupling constant goes to zero. In fact, it is clear that the Fradkin- 
Tseytlin term a' J d^r^r is not possible in the supermembrane action since there are no 
scalars which can play the role of the dilaton. Also, the term J d'^TR--dL^dji£, vanishes 
when the string coupling constant goes to zero since R-- is proportional to e^F-- where 
F-- is the Ramond-Ramond field strength. As will be discussed in the following section, 
in order to relate the supermembrane with the Type IIA superstring at non-zero string 
coupling constant, one has to compute supermembrane scattering amplitudes. 
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7. Supermembrane Scattering Amplitudes 

In this section, a prescription is given for computing scattering amplitudes using the 
supermembrane action. These amplitudes might be useful for studying non-perturbative 
properties of the Type IIA superstring. 

7.1. Supermembrane massless vertex operators 

In order to compute scattering amplitudes using the supermembrane action, one first 
needs to define BRST-invariant integrated and unintegrated massless supermembrane ver- 
tex operators. As in the superstring sigma model action of (|5.28|) , the massless integrated 
supermembrane vertex operator J d^rV can be defined as the linear contribution of the 
background superfields to Sp^re of ( |6.31| ). So V has the form 

V = ABcdoZ''doZ''+ABCDdoZ''diZ''djZ''e'J+ABCDEdiZ''djZ''dKZ''dLZ''e'Je'''^ 

(7.1) 

+(CgaoZ^ + C%cdiZ''djZ'^e")d^ 
+ (n^c^o^'' + nicDdiZ'^djZ''e'J)w^\^ + Y^BdiZ'^w^djX^e'' 

where the relations between the various superfields in ( [7.1| ) are determined by the BRST 
invariance condition that j d^rQV = 0. Note that since the action Spure is invariant 
under the background-dependent BRST transformations of ( |6.26D , / d^rV is invariant up 
to equations of motion under the fiat BRST transformations of (|6.18| ) and ( |6.19|) . 

To obtain the massless unintegrated supermembrane vertex operator, one can use 
the supermembrane version of the method used in subsection (5.3) for the superstring. 
Since J d'^rQV = 0, = diW^ where are ghost number one states for z = to 2. 
And since Q^V = 0, QW^ = e^^^djY^ where are ghost number two states. Finally, 
since Q^W^ = 0, QY^ = dkU where C/ is a ghost number three BRST-invariant state 
which will be identified with the unintegrated supermembrane vertex operator. Using this 
method for the integrated massless vertex operator of ( |7.1| ), one finds that U is the ghost 
number three d=ll superparticle wavefunction \1/(A, x, 6*) = X^X^X^Aap-yix.O) of ( [4.15|) . 
So one sees that d=ll supergravity fields carry ghost number three since they couple to 
the three-dimensional supermembrane worldvolume, while d=10 super-Maxwell and Type 
II supergravity fields carry ghost number one and two since they couple respectively to the 
one-dimensional superparticle worldline and two-dimensional superstring worldsheet. 
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1.2. Supermembrane scattering amplitude prescription 

To compute supermembrane scattering amplitudes using these integrated and uninte- 
grated massless vertex operators, one naively should evaluate correlation functions of these 
vertex operators on a supermembrane worldvolume. However, since there is no SL{2, R) or 
SL{2, C) of the supermembrane worldvolume, it is not obvious how many vertex operators 
should be unintegrated and how many should be integrated. Furthermore, since the super- 
membrane action is not conformally invariant, it is not clear what type of worldvolumes 
should be included in the correlation function. 

One natural requirement is that the worldvolume zero modes in the correlation func- 
tion should be normalized using the d=ll superparticle norm ((A^^^)), where the spinor 
index contractions of A" and 6^ in (A^^^) are those of ( [4.21| ). Since the state (A^^^) is in 
the cohomology of Q and cannot be written as the supersymmetric variation of any state 
in the cohomology of Q, use of this zero mode normalization guarantees that the scattering 
amplitudes are gauge invariant and supersymmetric when the external states are on-shell. 

The fact that (A^7^) carries ghost number seven implies that scattering amplitudes 
must involve more vertex operators than just the integrated vertex operator V of ghost 
number zero and the unintegrated vertex operator U of ghost number three. It will now 
be argued that a correct prescription for an A^-point supermembrane scattering amplitude 
is to use N — 2 integrated vertex operators V of ghost number zero, one unintegrated ver- 
tex operator U of ghost number three, and one unintegrated vertex operator U* of ghost 
number four. For massless external states, the ghost number three unintegrated vertex 
operator is the d=ll superparticle wavefunction U = A"A^A'^AQ.^-y(x, 9) for the linearized 
supergravity fields, while the ghost number four unintegrated vertex operator is the d=ll 
superparticle wavefunction U* — A"A^A'^A^A*^^^(a;, 6*) for the linearized supergravity an- 
tifields. 

Although this amplitude prescription may sound unusual, it will be shown below that 
it can also be used for A^-point open and closed string tree amplitudes. The prescription 
in some sense resembles the old operator formalism for computing scattering amplitudes 
where two external strings are treated as initial and final states, and the remaining N — 2 
external strings are treated as vertices. Using this interpretation, the open or closed string 
worldsheet is an infinitely long strip or cylinder of zero curvature, and the vertices repre- 
sent infinitesimally short strings. So when used for supermembrane scattering amplitudes, 
this prescription only involves supermembrane worldvolumes of zero curvature. Note that 
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unlike superstring amplitudes, one does not expect to expand over worldvolumes of dif- 
ferent genus for supermembrane amplitudes since there is no scalar spacetime field whose 
expectation value could play the role of a dimensionless coupling constant. 

In open string theory, the analogous prescription involves N — 2 integrated vertex 
operators, one ghost number one unintegrated vertex operator U for the string field, and 
one ghost number two integrated vertex operator U* for the string antifield. In bosonic 
open string theory, these vertex operators can be chosen in the Siegel gauge to satisfy 
U = cV and U* = cdcV where V is a dimension one primary field which is independent 
of the (6, c) ghosts. Computing the correlation function 

A={Ui{zi)U;{z2) J dzsVsizs)... J dZNVNizN)), (7.2) 



one obtains 

A = 



>1 - Z2f{Vi{zi)V2{z2) J dzsVsizs)... J dZNVNizN)). (7.3) 

Since ( |77^ ) is invariant under the SL{2, R) transformation Zr — > {azr+h)/{czr + d), one can 
fix (^1,^27 ^3) so that the integral over J dzs gives a trivial constant infinite factor which 
is independent of the external vertex operators. After dividing by this infinite constant 
factor, one recovers the standard open string A^-point tree amplitude expression 

A={z^-Z2){zs-zi){zs-Z2)(yi{z^)V2{z2)Vs{zs) j dz^V^{z^)... j rfz^lV(;2^)). (7.4) 

In closed string theory, the analogous prescription for A-point tree amplitudes involves 
A — 2 integrated vertex operators, one ghost number two unintegrated vertex operator U 
for the string field, and one ghost number four unintegrated vertex operator U* for the 
string antifield. In bosonic closed string theory in Siegel gauge, these unintegrated vertex 
operators are U = clCrV and U* = CL{dLCL)cii{diiCii)V where F is a dimension (1, 1) 
primary field which is independent of the ghosts. As in open string amplitudes, SL{2, C) 
invariance of the amplitude 

A={Ui{zi)UUz2) J d^zsVsizs)... J dhNVNizN)) (7.5) 

implies that the J d'^zs integral provides a trivial constant infinite factor. After dividing 
out this infinite factor, one recovers the standard expression for the closed string A-point 
tree amplitude. 
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Using the pure spinor version of open superstring field theory with massless external 
states, the unintegrated ghost number one vertex operator is U = X'^A^{x,9) and the 
ghost number two vertex operator is U* = X^X^ A*^j^{x, 9) where depends on the super- 
Maxwell photon Gm and photino x'^ satisfying ( |2.21| ) and A*^^ depends on the super- 
Maxwell antiphoton aj^ and antiphotino xjl satisfying ( |2.24| ). The analog of Siegel gauge 
for these fields and antifields is 

am^a*^, X^=l^d^xl (7.6) 

using the gauge-fixing conditions 

d^a^ = 0, d^d^al, = d^d^xl = 0. (7.7) 

Note that the gauge-fixing conditions on the fields are the antifield equations of motion, 
while the gauge-fixing conditions on the antifields is that they are annihilated by 8^8^. 
Also note that the identification of ( [7 .61 ) is consistent with the equations of motion of ( |2.21J ) 
and ( p.24| ) in this gauge. So after dividing out the constant factor and using ( |7?^ ) to map 
antifields into fields, open superstring massless tree amplitudes can be computed using this 
prescription. 

Using the pure spinor version of closed superstring field theory with massless external 
states, the unintegrated ghost number two vertex operator is [/ = A£^A^A^i>(x, 6*^, 6'i?) 
and the ghost number four vertex operator is U* = X'^X1X'^X'j^A*^j^~^{x,9l,0r) where 
Afj_i) depends on the Type II supergravity fields [a^n, XLm^ XRm^ F^'^] satisfying ( p.l8|) and 
(EH), and depends on their antifields [a*^^, xlm/i^ X*Rm^,^ F*i>]- The analog of Siegel 

gauge for these Type II supergravity fields and antifields is 

^mn "mn' /VLm In ^ >^Lmv^ ^Rm In ^ /yRmV ^ ~ Im In ^ ^ per-: 

(7.8) 

using the gauge-fixing conditions 

8^a^r. = 8^amn = 8^x1^ = 8'^x'km = 0, (7.9) 

8r,8^al,^ = 8^8r.xlm0 = d^8r.X*Rm. = 9^ dr^P;, = 0. 



The relations of ( |7.8D and ( |7.9D can be understood as the "left-right" product of the 



relations of ( |7.6| ) and ( |7.7| ). So after dividing out the constant factor and using ( |77^ ) 
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to map antifields into fields, open superstring massless tree amplitudes can be computed 
using this prescription. 

Finally, using the pure spinor version of supermembrane theory with massless external 
states, the unintegrated ghost number three vertex operator isU = X^X^X^Aap-yix, 9) and 
the ghost number four vertex operator is U* = A"A^A^A^A*^^^(a;, 9) where AajS-y depends 
on the d=ll supergravity fields [gbcibbcd, Xb] satisfying (|4.17| ), and depends on 

their antifields [g^^, Kcd^ Xlal satisfying ( ^4.23|) . The analog of Siegel gauge for these d=ll 
supergravity fields and antifields is 

gbc^gtc, hcd = bU x^ = r?^a^x6/3 + ^(rbrT^)"^a,Xd/3 (r.io) 



using the gauge-fixing conditions 



d'gbc - ^d^iv'^'gde) = dX^d = d\t = 0, d^'d.gl^ = d%b:,, = d'd.xlc = 0. (7.11) 

The identification for the gravitino and its antifield in ( |7.1UD can be obtained by requiring 
consistency of the gravitino equation of motion with the gauge- fixing conditions of ( [7.11| ) . 
So as in the open and closed superstring, it should be possible to use the map of ( [7.10| ) to 



obtain d=ll supergravity amplitudes from the supermembrane amplitude prescription. 

7.3. M-theory conjecture for supermembrane amplitudes 

Having shown in the previous subsection that the prescription for supermembrane 
scattering amplitudes has an analog for the superstring, it is natural to ask if there is some 
relation between the supermembrane and superstring scattering amplitudes. It will now be 
conjectured that after compactification of x^^ on a circle of radius -Rn, the supermembrane 
massless scattering amplitude coincides with the non-perturbative Type IIA superstring 
massless scattering amplitude with the string coupling constant equal to (i?ii)2. This 
conjecture is based of course on the M-theory conjecture of p|. 

Since the supermembrane action of (|6.17|) is not quadratic, it will not be possible 
to obtain exact expressions for correlation functions of supermembrane vertex operators 
as was done for correlation functions of superstring vertex operators. However, since the 
supermembrane action reduces in the infinite tension limit to the d=ll superparticle action 
of (|4.7| ) which is quadratic, it might be possible to compute supermembrane scattering 
amplitudes as a perturbative expansion in the inverse of the membrane tension. Hopefully, 
the non-renormalizability of the supermembrane action will not be an insurmountable 
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obstacle in performing this perturbative expansion. Since the expansion in the membrane 
tension is manifestly d=ll super-Poincare covariant, even the lowest order terms in the 
expansion will contain information about Type IIA superstring amplitudes that is non- 
perturbative in the string coupling constant. 

The first step in studying this M-theory conjecture is to get a better understanding of 
the relation beween the supermembrane massless vertex operators and the Type IIA super- 
string massless vertex operators. Although the supermembrane action in a flat background 
reduces to the Type IIA superstring action in a flat background after double-dimensional 
reduction of x^^, the supermembrane action in a curved background does not reduce to the 
Type IIA superstring action in a curved background. Since the integrated version of the 
massless vertex operator comes from the linearized contribution of the curved background, 
this means that the integrated version of the supermembrane massless vertex operator 
does not reduce to the integrated version of the Type IIA massless vertex operator. For 
example, there is no term quadratic in in the massless integrated supermembrane ver- 



tex operator of (|7.1| ) which reduces to the dL^dRoR^'^ term in the massless integrated 
Type IIA superstring vertex operator. As discussed earlier, this difference comes from the 
AF^^A = constraint in the supermembrane formalism which is not present in the Type 
IIA superstring formalism. 

Also, the unintegrated supermembrane vertex operators Umembrane and t^^em&rane 
of ghost number three and four are different from the unintegrated Type IIA superstring 
vertex operators Ustring and U^^^^^g of ghost number two and four. However, in this case, 
there is a simple way to relate the supermembrane and superstring vertex operators as will 
now be shown. 

Although QUmembrane = wheu AF'^A = for c = 1 to 11, it is not necessarily 
zero if AF'^A = for m = 1 to 10 but AF^^A is non-zero. In this case, QUmembrane = 
(AF^^A)y where Y is some ghost number two state annihilated by Q. Note that because 
of (|4.13| ), Y is deflned up to terms proportional to AF"^ ^^A = XlI^^l — ^u^y^Xu. Since 
XlI^Xl — Xr'j^Xr = using the pure spinor version of the Type IIA superstring, one 
can identify Y with Ustring- In other words, after double-dimensional reduction, 

QUmembrane (.X^ X^Ugtring- C''"-^^) 

To relate U*^^^^g and t/'J^^mbrane' S^st consider {Ql + QR)U*t^^^g when Xlj'^Xl + 
Xr'J^Xr = but Xlj^Xl — Xr'J^Xr is non-zero. In this case, 

{Ql + QR)U:,r,^g = {Xl^^Xl - XR^^XR)Sm (7.13) 
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where 5"^ is some ghost number three vector state which, because of ( [4.13| ), is defined 
up to terms proportional to AF^^A = A^Ai?^. Furthermore, {Ql + Q R^U^^^^^g = and 
AlT'^Al + Ah7"^Ah = imphes that 

{Ql + Qr)S^ = {\Llm)^.T'^ + {XnlmYTR^ (7.14) 

where and Tr^ are some ghost number three spinor states which are defined up to 

= a\l + h^i-^^XnY + c-P(7npAi)^ 5Tr^ = gXr^ + 6^(7"^Ai)^ + c"P(7npAfl)^. 

(7.15) 

After double dimensional reduction, 

Umembrane = -^L^-R/^ + -^-Rm^L' (7-16) 



which is invariant under (|7.15| ) up to terms proportional to AF'^A for c = 1 to 11. Fur- 
thermore, (Ql + QnYSm, = implies that QU^^^^^^^^^ = up to terms proportional to 
AF^A. 

So, in this way, the unintegrated supermembrane and superstring vertex operators 
can be related to each other. For studying the M-theory conjecture for supermembrane 
scattering amplitudes, it would be useful to find a similar relation between the integrated 
supermembrane and superstring vertex operators. 



8. Appendix: Zero Momentum Cohomology of d=ll Superparticle 

In this appendix, the zero momentum cohomology of the d=ll superparticle BRST 
operator, Q = X^da, will be computed for arbitrary ghost number and shown to corre- 
spond to the linearized d=ll supergravity ghosts, fields, antifields and antighosts. As in 
the case of the N=l d=10 superparticle discussed in the appendix of [|l^, the zero mo- 
mentum cohomology of Q is equivalent to the "linear" cohomology of a nilpotent operator 
Q involving an unconstrained bosonic spinor A" where 

Q = A>a + AF^A6(_i), + c^i)(AF,rfAwf_2) + AF^A^X(_2)[ed]) + .... (8.1) 

The new ghost variables [6(_„),C(„)] and [w(-n)7 'f^(n)] are fermionic and bosonic pairs of 
conjugate variables carrying ghost number [— n, n] which substitute the pure spinor con- 
straint on the A" variable, and "linear" cohomology signifies states in the cohomology of 
Q which are at most linearly dependent on these new variables. 
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Although Q for the d=ll superparticle involves more terms than for the N=l d=10 
superparticle, the proof of equivalence of its "linear" cohomology with the zero momentum 
cohomology of Q = X^d^ is identical to the proof in the appendix of [0 and will not be 



repeated here. As in the N=l d=10 superparticle case described in ( 2.22 ), the term 
Ar'^A6(_i)c in ( |8.1| ) imposes the pure spinor constraint and the remaining terms in ( |8.1j ) 
remove the extra gauge invariances implied by this constraint. As will now be shown 
for the d=ll superparticle, these remaining terms involve new ghost variables with ghost 
numbers up to [—7, 7]. 

The complete expression for Q for the d=ll superparticle is 

Q = A>a + Ar A6(_i), + c^i)(AredAz/^_2) + Ar<^A^i(_2)[,rf]) (8.2) 

+t;[=2)((Ar,)„6f_2) + Ar<^A6(_3)(cd)) 

1 



+cf2)(-Ar^AM(_3)ea + ^ ( AF^'^) „ ( Ar,)^^.(_3),^) ) 
+ ^cjJ)(Ar,)"z.(_3)e. + ^cg;^](Are/)"«(_3)da 

+ ^W('^!i)(Are/)"C(4)da + ^W(l4)(Ard)"C(4)ea 

1 



+W^_5)(-ArAC(4)ca + -(Ar'*)«(Ar,)'^C(4)d^) 
+^('l%(^(Arcd)a^^('5) + ?7deAr'=-''At)(4)(c/) + AF'^ At;(4) [^rfe] ^ 

+6^_5)((Ar,)«t;^5) + Ar<^At;(4)M)) 
+w^_6)(AredAc^5) + Ar^Ac(5)[cd]) +6(_7)ArAt;(6)^, 



where di3 jS are fixed coefficients which will be defined below. Before explaining the 
origin of the various terms in ( |8.2| ), it will be first be checked that the linear cohomology 
of Q corresponds to the zero momentum d=ll supergravity ghosts, fields, antifields and 
antighosts. 
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Since A" is unconstrained, the term A^Pa in ( p.2|) implies using the standard quartet 
mechanism that states in the cohomology of Q are independent of x'^ and 6°^. So states in 
the "hnear" cohomology are represented by the elements 

ri „c c [cd] a (cd) [cde] ca ca [cde] (cd) a M c c 1 /o n\ 

L-"-' f(2), ^^(2) 5 C(2), Cj-g) , C(3) , f(3), C(4), , tJ^.^^ , t'(5) , C^5^ , C^g) , t;(g) , C(7)J , {^.6} 

which were shown in subsection (4.3) to correspond to the d=ll supergravity ghosts, 
fields, antifields and antighosts. To map these elements to states in the zero momentum 
cohomology of Q, one needs to find BRST-closed expressions involving these elements 
which commute with Q. For example, the BRST-closed expression corresponding to c^j^^ 
is c^j^^ — XV^O, the BRST-closed expression corresponding to v^l^^^ is v^^^^ — c^^^Ar'^16' -\- 
|(Ar''^)(Ar^^), and the BRST-closed expression corresponding to v'^^) is ^(^2) "'^(i)'^-^-'^'^^^" 
^{\V^'^9){W dO) . The corresponding states in the zero momentum cohomology of Q are 
obtained by setting all new variables to zero and replacing A" with A", i.e. the state 
corresponding to c^^^-^ is —\V^6, the state corresponding to ^'2)^ is |(Ar^6')(Ar'^6'), and the 
state corresponding to f^2) is —\{\T^'^9){\VdO). 

Returning now to the explanation of the terms in Q of (|8.2|) , the second term 
Ar'^A6(_i)c enforces the pure spinor constraint and is invariant under 56(_i)c = AF'^A/jcd] + 
Wcd^g'^ for arbitrary gauge parameters /[c^j and g'^. The third term in ( ^.21 ) fixes these 



gauge invariances, but introduces new gauge invariances of u'l^_2) and 'w|'^2) which are 
gauge-fixed by the fourth and fifth terms in (|8.2|) . Note that only the symmetric part 



of 6(-3)(cd) is needed in the fourth and fifth terms of ( |8.2| ) since the antisymmetric part 
6(_3)[cd] can be absorbed by a redefinition of ^"_2) ~^ {^^'^'^)°'^{-2>)[cd]- 

At this point, the structure of Q is quite complicated, but one can use the correspon- 
dence between the new ghost variables and the d=ll supergravity fields to help in the 
construction of the remaining terms in Q. In fact, it will now be conjectured that all terms 
in Q can be deduced from the known linearized supersymmetry transformations of the 
d=ll supergravity ghosts, fields, antifields and antighosts. Although this is not surprising 
since the BRST transformations generated by Q must be supersymmetric, a proof has not 
yet been constructed for the following conjecture. Nevertheless, it is straightforward to 
check that the conjecture is consistent with all terms that have been computed in Q using 
the gauge-fixing procedure. 

Note that all terms in Q are either linear or quadratic in A". The first conjecture is that 
terms linear in A" describe the zero momentum linearized supersymmetry transformations 
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of the d=ll supergravity fields where A° plays the role of the supersymmetry parameter. 
For example, the terms ^c^g^^ (Ard)"w(_3)ea and ^c^l^'^\xref)'^U(^s)da describe the zero 
momentum linearized supersymmetry transformations of the d=ll supergravity fields 

'J'^^(de) = ^rg^Xe)/3, 5"6[,,^] = l(r[,;)"''xd]/3, (8.4) 

where c^g^'* is identified with the graviton g'''^'^\ '^(3)^^ identified with the three-form 
jj[def]^ and identified with the gravitino Xd- 

The second conjecture is that the terms in Q which are quadratic in A" can be deduced 
from the anticommutator of two linearized supersymmetry transformations where A'^A'^ 
plays the role of the supersymmetry parameters in the anticommutator. If the d=ll 
supersymmetry algebra were closed off-shell, the anticommutator of two supersymmetry 
transformations acting on any supergravity field would be proportional to a translation, 
i.e. {Soi,Si3}(f)j = V^i^dccf)! for any (^7. However, since the supersymmetry algebra is only 
closed on-shell, the anticommutator of two supersymmetry transformations acting on a 
supergravity field can contain a term proportional to equations of motion, i.e. {5a, 5/^}^/ = 

For d=ll supergravity fields, Mjj js is non- vanishing when / and J correspond to 
gravitino fields, i.e. 



{S-y, Ss}Xcot = r^5^dXca + Meet d(3 75^7— (8.5) 



dS 

where the coefficients Mcq di3 -yS can be explicitly computed using the linearized super- 
symmetry transformations of the standard d=ll supergravity action. From the second 
conjecture, this implies the term 



in ( |8.2| ) where f corresponds to the gravitino x^" and 4) corresponds to the gravitino 
antifield Xdp whose BRST transformation is the linearized equation of motion ^ . 
To give another example of the second conjecture, the term 

cf2)(-Ar^A«(_3),a + ^{XTed)c.(xn'uf_,^s) (8-6) 

in ( |8.2|) can be deduced from the anticommutator of two supersymmetry transformations 
acting on the supersymmetry ghost ^q. Using 5"pc = (fcO" ^^^a = ~|f^6Pc(r^'^)a 
where pc is the reparameterization ghost, one finds that 

{S(3. 5^}ea = r^^a^^a + (-r^-^^e^a + ^ (F,,) ^(^r:;^^'^^^) . (8.7) 
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So the term (|8.6| ) in Q can be deduced from ( p77| ) where C(2)a corresponds to the super 

-3)5 



symmetry ghost ^q, and W/^ g-,^ corresponds to the gravitino Xs whose BRST variation is 



So one can use these two conjectures to deduce aU terms in Q of ( ^.21) , and one 
can exphcitly check that this construction is consistent with the required gauge-fixing 
properties of the term in Q. Furthermore, one can check that these conjectures are also 



consistent with the BRST operator of ( p.22| ) for d=10 super-MaxweU theory. Note that 
the terms in the second half of (|8.2| ) are related to terms in the first half of ( |8.2| ) by 
exchanging fields with antifields and ghosts with antighosts, i.e. by exchanging [^(-n), C{n)] 
with [f (7_„), M(^_7)]. The term v^^^b'^^^^^Mcce dp -yS^"'^^ is invariant under this exchange 
since Mca dp jS = Map ca 75 in order that {5^, 55}S = gp^M^a dp jS-^^ = where S is 
the linearized d=ll supergravity action. 
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